Level set methods for multilayer geological folding by Boon, Jonathan Andrew
        
University of Bath
PHD








Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.
            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal ?
Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.
Download date: 13. May. 2019




for the degree of Doctor of Philosophy 
of the
University of Bath
Department of Mechanical Engineering 
May 2007
C O PY R IG H T
Attention is drawn to the fact that copyright of this thesis rests with its author. 
This copy of the thesis has been supplied on the condition that anyone who 
consults it is understood to recognise that its copyright rests with its author and 
that no quotation from the thesis and no information derived from it may be 
published without the prior written consent of the author.
This thesis may be made available for consultation within the University Library 
and may be photocopied or lent to other libraries for the purposes of consultation.




INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.
In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.
Dissertation Publishing
UMI U601496
Published by ProQuest LLC 2013. Copyright in the Dissertation held by the Author.
Microform Edition © ProQuest LLC.
All rights reserved. This work is protected against 
unauthorized copying under Title 17, United States Code.
ProQuest LLC 
789 East Eisenhower Parkway 
P.O. Box 1346 
Ann Arbor, Ml 48106-1346
»*SSTY OF BATH 
L IB R A R Y
1 6 AUG 2007
Abstract
The displacement of layered materials occurs when a compressive load is applied 
to materials in the layer parallel direction. A prime example is the multilayered 
folding of rocks, a process that occurs when geological systems are placed under 
tectonic compression. The geometry of these folds ranges from almost sinusoidal 
patterns to kinks and chevron folding. By considering fully elastic layers, it is 
shown that many of the geometrical phenomena are a natural result of the layers 
fitting together without forming voids.
By assuming that the interfaces between the layers are projected as a wave 
front from a central interface, the level set method is used to describe the geome­
try of the multilayer. The level set method encodes the geometrical information 
in a function <^(:r,y,£), which is able to handle layers with singularities.
The geometrical description of the multilayer is coupled with a nonlinear 
pseudo-potential energy based model for parallel folding in the non-singular case 
to which we look for states which are stationary points. The energy function 
allows for bending energy, foundation energy and work done against friction and 
by applied load. These energy contributions are all expressed in terms of the 
level set function that is used to describe the geometry.
To replicate the phenomena of geological folding in order to test the model, 
a set of experiments were performed on a multilayer comprising sheets of paper 
embedded between sheets of rubberised foam. When the theoretical wavelengths 
and minimum axial load values are compared with those measured experimen­
tally there is good agreement provided that the multilayer is sufficiently thick.
Based on the observations of the experiments and the comparisons with the
1
theory suggestions are made for future research.
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Geological folding is a process that occurs in the upper regions of the Earth’s 
crust. Fold formation in layers of rock is often accompanied by a drop in pressure 
in the surrounding medium, which can draw in large quantities of natural re­
sources, such as minerals and hydrocarbons (Hunt et al., 1997). Understanding 
geological folds is important to mining companies to ease the extraction of these 
resources. Developing mathematical models of geological scenarios can assist 
with this understanding.
The formation of geological folds occurs over long time scales (typically in 
excess of 46,000 years (Budd and Peletier, 2000)) and at depths that are un­
observable to humans. There are, therefore, many unknowns when formulating 
mathematical models and, as a result, a number of different approaches and 
assumptions have been used by geologists. Furthermore, with the continued 
development of new technologies, many of the older models are reviewed and 
updated with more modern techniques. It is not surprising then that structural 
geology and in particular geological folding have been active research areas for 
over a century and are still going strong in the present day.
In this thesis a mathematical model is developed, using modern numerical
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methods, for the parallel folding of layered m aterials (see figure 1-1). The pri­
m ary application of this work is to sedim entary rocks; however, there are also 
non-geological applications. The model could also be used to understand the 
mechanisms th a t govern the buckling of other layered materials. An exam ple of 
this is the deformation of carbon fibre composites in aircraft wings.
We finish this short introduction with a figure th a t motivates much of the 
following work. Figure 1-1 shows an exam ple of geological folding with a layer 
thickness of around 10 — 25 cm. We shall see from the definitions given in sec­
tion 2.2 th a t this is an example of a parallel fold. It is interesting to see how the 
geometry can change from one layer to another and the possible effect th a t this 
had on the mechanics when the m ultilayer buckled.
Figure 1-1: Parallel folding of rocks near Bude, Cornwall, showing a singularity 
forming as we move from bottom  to top in the figure.
1.2 Thesis outline
1.2.1 B rief overview  o f work
It is well known th a t the geom etry of parallel folds changes from layer to layer. 
However, this fact has tended to be overlooked in previous models. The approach
20
taken in this thesis has been to use the level set method to describe the geometry 
of every individual layer of a multilayer. An accurate description of the geometry 
has led to a greater understanding of the mechanics of the system and the role 
that the bending energy has in restabilising a fold. The model is compared to 
a set of experiments and they are shown to be in good agreement. What is 
more, the observations of these experiments have resulted in new findings and 
understanding of multilayer folding.
We now give the layout of what is to appear in the remaining chapters.
1.2.2 Technical background
After the thesis outline, the remainder of the present chapter will introduce 
a number of geological, engineering and mathematical ideas that provide the 
necessary background in the context of the main body of work.
1.2.3 Literature review
Chapter 2 provides a critical survey of the literature that is relevant to the 
current work. The chapter can be split naturally into two sections, reflecting the 
previously separate subject areas of structural geology and front propagation 
methods. The history of the study of geological folding begins with experiments 
based on field observations of geological outcrops. In the early days, modelling 
was limited to simple elastic beam theory. In the 1960’s and 1970’s Biot wrote a 
series of prominent papers arguing that rock deformation is governed by viscosity, 
a belief that is still held by some researchers to the present day. However, 
others chose to stick with the elastic assumptions and evidence is provided for 
this assertion. Having accepted the value of elastic models, structural engineers 
then applied their advanced, energy based, buckling techniques to model rock 
deformation.
There are two main techniques that are used to model a moving front. The 
standard approach is the Lagrangian method, whereby the front is discretised
21
into a set of marker particles. By moving each of these particles by a prescribed 
amount the new position of the front is calculated. These seemingly simple and 
accurate methods can become extremely complex if the topology of the front 
changes or if the path of one particle crosses the path of another. The second 
class of methods are the Eulerian techniques. In these methods, rather than 
moving particles with the front, the front passes through a fixed computational 
domain. Typically, the advantage of these methods is the natural way the diffi­
culties associated with the Lagrangian approach are overcome, so that changes 
in topology and self-intersecting fronts are not a problem. A challenge with the 
Eulerian approach is to locate the front accurately, which is often only defined 
implicitly.
1.2.4 M odel development
Chapters 3 and 4 are where much of the fundamental theory for the level set 
based multilayer folding model is developed. We begin by showing that singular 
behaviour arises naturally in the folding of multilayered materials. In parallel 
folds, singularities can form as the curvature increases in the regions on the 
inside of a fold. The increase in curvature results in a local increase in bending 
energy that is large enough to lock the fold up and to initiate so called serial 
folding. As a consequence extra care needs to be taken when modelling the 
geometry, including features such as singularities. For this reason, the level set 
method is used to propagate a reference layer in its normal direction, picking 
out the position of all the other layers together with any singularities that may 
appear as a result of the advection. Our geometrical model then provides all 
the information required to calculate the total potential energy of the system in 
terms of the single reference layer. The work presented in chapters 3 and 4 has 
been published in the paper Boon et al. (2007a).
22
1.2.5 Experiments
Chapter 5 provides the details of a series of 20 experiments that were conducted 
on layers of paper. These experiments were designed to model the geological 
process of rock folding, so that comparisons can be made with the numerical 
model of chapters 3 and 4. Details of the experimental procedure are given, 
followed by observations of the resulting output. As a consequence of the obser­
vations, we classify the experiments into three different folding categories. The 
differing behaviour of the multilayer in the three cases has implications as to 
how we understand geological serial folding.
1.2.6 Comparison o f model with experim ents
In chapter 6 the model developed in chapters 3 and 4 is compared with the 
experiments of chapter 5. First experimental parameters are estimated, as inputs 
for the model. Fold wavelengths are found using small deflection theory and are 
compared to wavelengths measured from photographs of the experiments, and 
in the majority of cases there is good agreement. The fully nonlinear level set 
based model is then used to find load against end shortening plots, which, given 
a certain amount of uncertainty in the model parameters are shown to have good 
agreement with experiment. The work presented in chapters 5 and 6 is being 
prepared for publication (Boon et al., 2007b).
1.2.7 Conclusion
Finally, chapter 7 concludes the thesis and the key findings, their implications 
and the limitations of the research are presented. In light of this information, 
recommendations are made for possible future work that could answer some of 
the questions that have arisen during the completion of this thesis.
23
1.3 Geological background
The aim of this section is to provide the geological background and terminology 
required to understand the remainder of this work. The history of how geological 
folding models have developed and their relative merits follows in chapter 2. 
Further explanations for much of the geological terminology can be found in 
Price and Cosgrove (1990).
1.3.1 Fold classification
The need to classify folds arose when it was noticed that some types of folds 
occurred more frequently in nature than others. The majority of these classifi­
cations are based on the fold in profile section.
D efin ition  1. Fold profile
The intersection of the folded surface on a plane normal to the fold axis is 
known as the fold profile. The geometrical features of a fold profile are shown 
in figure 1-2.
t
Figure 1-2: Terms used to describe the geometry of the profile of a fold: h and 
i are hinge and inflection points; c and t denote the crests and troughs of a fold 
and Q and L are the amplitude and wavelength of the fold. The dashed line is 
called the median surface. (After Price and Cosgrove (1990))
These features include hinge and inflection points, points of maximum and 
zero curvature respectively. Also shown are the crests and troughs which are the 
highest/lowest points of the fold. It is generally considered that two adjacent
24
inflection points mark the limits of the fold and because neighbouring folds often 
vary in length it is convenient to measure the wavelength as twice the distance 
between these points. However, as we shall see when we formulate the model 
in chapter 3, it is sometimes more convenient for us to define the wavelength 
simply as the arc length of a fold. The amplitude is the perpendicular distance 
between the median surface and fold hinge.
The most natural way of classifying the fold geometry is with the method of 
dip isogens. To construct the dip isogens a series of tangents are drawn on each 
folded surface and points of equal dip are connected on adjacent surfaces. This 
process is shown in figure 1-3 where the line abc is the 0° dip isogen and the line 
def is the $° dip isogen.
0° a
()°Dip isogon
Figure 1-3: The construction of dip isogens. (After Price and Cosgrove (1990))
Ramsey (1967) used the convergence of dip isogens to classify folds into five 
classes (shown in figure 1-4). Class 1 folds have dip isogens that converge going 
from the outer to the inner surface. Classes 1(a) & 1(c) are strongly and weakly 
convergent. Class 1(b) is a parallel fold where the dip isogens are normal to the 
surface. Class 2 folds are called similar folds where the dip isogens are parallel 
to each other. Finally, class 3 folds are divergent.
One of the benefits of this classification is that it can be applied to individual 
layers of a multilayer, as the type of folding can change, where a layer is the 
material between two adjacent surfaces. The name multilayer is given to a set of 
sedimentary layers that buckle with the same wavelength and amplitude (termed 
harmonic folding).
Unfortunately this classification scheme does not include folds whose profiles
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1(a) 1(b)
1 ( c )
Figure 1-4: Classification based on dip isogen patterns. 1(a) Strongly convergent, 
1(b) Parallel, 1(c) Weakly convergent, 2 Similar and 3 Divergent. (After Ramsey 
(1967))
contain straight limbs and sharp corners. These include kink bands (kink folds), 
chevron folds and box folds (see figure 1-5).
Figure 1-5: Geometry of (a) chevron fold, (b) reverse kink band, (c) kink band 
and (d) box fold. (After Price and Cosgrove (1990))
1.3.2 Strain d istribution
According to Ramsey (1967) there are two typical strain states th a t can be 
encountered within a fold. Folds w ith these states are known as flexural flow  
folds (figure l-6(a)) and tangential longitudinal strain folds (figure l-6 (b )).
Flexural flow folds are found in layers with a high anisotropy. As the layers
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(a) (b)
Figure 1-6: The strain of a deformed layer (a) by flexural flow and (b) by tan ­
gential longitudinal strain. (After Ramsey (1967))
buckle the outerm ost layers slip over the inner layers toward the fold hinge 
zones. They have m axim um  strain at the  inflection points and zero strain  on 
the hinges. Conversely, tangential longitudinal flow folds are formed in isotropic 
m aterials and m aximum strain is found a t the hinges and none at the inflection 
points. The difference between these two strain states appears to be the same 
as the difference between Euler-Bernoulli beam theory (see section 1.4.1), where 
plane sections remain normal to the neutral axis, and Timoshenko beam theory 
(Timoshenko and Gere, 1963), where shearing is included so th a t although plane 
sections remain plane, they are not necessarily normal to the neutral axis. Here 
the term  neutral axis refers to a line (on the fold profile) of zero strain.
1.3.3 E lasticity  and viscosity
A body is said to be perfectly elastic if its stretching/com pression obeys Hooke’s 
law: the strain e is directly proportional to  the stress a  producing it or,
E=°-(1.1)
where E  is Young’s modulus (or elastic modulus), which is a measure of the 
m aterial stiffness. There is a lim it to which a body can be distorted and returned 
to its original form called the elastic limit.
A similar property to the Young’s modulus exists for an elastic m aterial in 
shear or twisting called the shear modulus (or rigidity modulus) G. The shear
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modulus relates the shear stress r  and the shear strain 7
T
G = - .  (1.2)
Obviously a material can change state with a change in temperature or pres­
sure. If folding takes place high in the Earth’s crust where temperatures and 
pressures are relatively low then rocks are likely to be solid and elastic bend­
ing theory can be used to model their deformation. Typically rocks undergo an 
approximately linear deformation (Edmunds, 2005) and Young’s moduli are re­
ported in the range from 0.24 to 0.62 GPa for granite and from 1.02 to 1.07 GPa 
for diabase when measured with an overburden of 0.1 GPa (the effective stiffness 
tends to increase with pressure) (de Sitter, 1964). However, if folds form at great 
depths with high temperatures and pressures then the likelihood is that rocks 
are liquid and therefore must be modelled as such. In such circumstances the 
viscosity plays an important role.
Rather like an elastic solid obeying Hooke’s law, a Newtonian fluid has a 
linear relationship between shear stress and shear strain rate
77 =  T . (1-3)1 d7 / d t v '
If the relationship is nonlinear, the liquid is called non-Newtonian. The viscosity 
rj is analogous to the elastic shear modulus G.
1.4 M odelling with potential energy
In chapter 2 we provide some reasoning and justification for using elastic models 
for the buckling of layered rocks. The fundamental ideas for the buckling of 
elastic materials are developed by finding stationary solutions to energy based 
models describing a simply supported strut. These solutions help us to determine 
the critical load, the post-buckling response and the corresponding deflections. 
Under controlled end-shortening the critical load P c  is the load at which the 
strut starts to deflect and with continued end-shortening the behaviour of the
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system is known as the post-buckling response.
We begin by developing Euler-Bernoulli bending theory and show how to 
solve the differential equation using the calculus of variations. The model is 
adapted to more geologically relevant applications by first adding a foundation 
and then considering the effect of having multiple layers, that are free to slide 
over one another, resulting in inter-layer friction.
1.4.1 The Euler strut
As the name suggests, the solution of the Euler strut was first derived by Euler 
(1744) using the calculus of variations. The geometry of a pin-ended strut is 





Figure 1-7: The pin-ended Euler strut. (After Thompson and Hunt (1973))
bending stiffness E l  and is subjected to an axial load P. The strut is assumed to 
be axially inextensional (pure squash is neglected). Point A  of the strut originally 
distance I from the left-hand support is displaced to A' with a vertical component 
w(l). Since the arc-length of the centerline is inextensible, the displacement of 
the entire strut is determined by w(l), 0 < I < L. The function w(l) is often 
called the mode-shape.
It is important for us to specify the boundary conditions as a clamped strut 
will behave differently to the pinned one. In the case of a pinned strut the
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vertical displacement of the ends is zero so that
w(0) — w(L) =  0. (1.4)
The second boundary condition is that the bending moment at the ends is zero
which implies zero curvature at both ends of the strut
th(0) =  w(L) =  0, (1.5)
where dots denote differentiation with respect to /
S im ple ben d in g  th eo ry
Consider the strut shown in figure 1-7 and assume that under bending: shearing 
can be ignored (pure bending), longitudinal fibres remain parallel, the Young’s 
modulus is the same in tension as in compression and the cross-section is sym­
metrical with respect to a vertical axis. Under these assumptions, the bending 
equation relates material and geometric properties as follows:
M  =  ^  (1.6)
where M  is the bending moment, I  is the second moment of area and R  is 
the radius of curvature. The term E l  is known as the bending stiffness. The 
following standard analysis shows this to be true. Consider a longitudinal fibre, 
depth y from the neutral axis (see figure 1-8). The unstressed line is known as
the Neutral Axis, on one side of the line the material is in compression and on
the other it is in tension.
D efin ition  2 . Curvature
For a curve T the curvature k is defined as
* := %  w
where 9(1) is the angle T makes with the horizontal as a function of the arc-length 
I
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Figure 1-8: Pure bending of a rectangular strut
The extension is Le where e is the strain and it follows that
R  L
R  -\- y L T Re
Hence,
( 1.8)
or § = * ,  (1.9)




 J   ^ bay dy  ( 1.10)
which leads to
M  = =^- = E I k (1.11)
R
where k is the curvature and I  is bd3/ 12 for a strut of breadth b.
We consider small deflections first. By referring to the coordinate system of
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wSw
Figure 1-9: Curvature of a curve T
figure 1-9, for small values of 0,
dw












the differential equation that governs the bending of a strut. This equation 
is valid for small values of 0 , when shear is neglected and for perfectly elastic 
materials.
Next we derive a similar equation without making assumptions on the size 
of 9. Figure 1-9 shows that
. du; 1 d0
sin 9 = —— and — =  — 
dl R  dl
(1.15)
Differentiation and some manipulation gives the equation for the curvature for
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large values of 6
d9 in
-JT =  K = ------------- r-7r (1-16)
dl [l _  {w)2}1' 2
where dots denote differentiation with respect to /. Note that this formula re­
duces to the small deflection expression for the curvature if |ti>| <C 1.
Total potential energy function
The potential energy V  of the Euler strut can be written as: Total potential 
energy =  Strain energy stored - Work done by load,
or
V = U -  PS  (1.17)
where S is the end shortening. The strain energy (or bending energy) of a strut 
is defined as
u = \ b 7 t d V ' (1-18)
where V  is the internal shear force. Let the area of the cross-section of the strut 
be A. Then by substituting equations (1.9), (1.11) and taking dV = d A d l ,
u  =  \  f  f  E(l)K(l)2y2dA d l  (1.19)
2 J o  J a
and f A y2 dA  =  / ,  so
T T  E I  i L  2  J  /U =  ——- / ac dl
2 J o
E I f L
— —— I (w2 -f w2w2 +  w2w4 +  • • •) dl (1.20)
2 J o
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The corresponding deflection of P  is




L i i i
( 2 w +  - t i  + J g “’ + - - - ) d; (1-21)
(Thompson and Hunt, 1973). In this analysis it is assumed that \w\ < 1 and the 
expanded form of the integrals (1.20) and (1.21) are derived by considering the 
Taylor series. For a linear buckling analysis we need only consider the leading 
terms.
The calculus of variations
The idea behind the variational approach is that for a given load P  the beam will 
naturally deflect to a state which is a stationary point of the potential energy. 
To find stationary solutions of the potential energy the calculus of variations is 
used. The total potential energy has the form V  = / QL F(w, w) d/, where
F  =  T r r i “ p ( 1 _ ( 1 _ 'i2)I/2)
. We now apply the calculus of variations by taking a small increment Sw of w 
and Sw of w to give
<■„ [ L ( 9F c .. d F . . \ , ,SV =  / ( ~^—6w +  tttSw I dl
Jo V dw J
( 1.22 )
Integration by parts followed by some rearranging yields,
SV = d F  r '~a^°wow + ow
d dF
am Sw «»d/.dl d w )
(1.23)
The condition for a stationary point is that SV =  0. To meet this condition for 
all possible deflections Sw the last term must be zero and the terms in square 
brackets are then eliminated. The first and third square brackets are immediately
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eliminated by the condition (1.4) and the second bracket by noticing that
dF
7— = E Iw ( l  — w2) 1 
dw
and applying the boundary condition (1.5).
By substituting in the expression for F  and performing the differentiations 
with respect to /, w and w we arrive at the Euler equation for a pin-ended strut
P  3
w'(l — w2)~l -f 4www(l — w2)~2 +  u>3(l -f 3ic2)(l — u;2)-3 +  —— w(l — w2)~r* =  0.
E I
(1.24)
The Euler equation is solved by the zero solution and at a critical load P = P c 
the solution bifurcates to a buckled solution. At this load the zero solution 
changes stability (Thompson and Hunt, 1973). We see other solutions if an 
eigenvalue of the linearisation is zero.
1.4.2 Stability
Equilibrium solutions occur at all stationary points of the potential energy func­
tion with respect to the generalised coordinates, J^- =  0 , VQ, 1 < i < 00 .
We may write the potential energy in a general form
V = V(Ql’Aj ) (1.25)
where 1 < j  < J  are a set of control parameters, such as the axial load or 
the magnitude of imperfections. Equilibrium paths are traced by distinguishing a 
parameter A1 as a special bifurcation parameter and varying this whilst holding 
the other AJ constant then solving the resultant equilibrium equations for the 
Qi (Thompson and Hunt, 1984).
As a strut buckles there is a loss in stability in the undeformed state and 
the equilibrium solution bifurcates to a buckled solution. The formal definition 




Figure 1-10: A ball on three surfaces to demonstrate the different states of 
equilibrium (a) stable equilibrium (b) unstable equilibrium (c) indifferent or 
neutral equilibrium. (After Timoshenko and Gere (1963))
Hunt, 1984):
D efin ition  3. Stable equilibrium
If all dynamical motions in phase-space in the vicinity of a statical equilib­
rium state remain in the vicinity for all time, then the state is termed stable. 
Conversely, if any one dynamical motion in phase-space starting in the vicinity 
of a statical equilibrium state carries the system away from the vicinity, then 
the state is termed unstable.
A simple analogy of stability is a ball in a potential well as shown in figure 1- 
10, (Timoshenko and Gere, 1963). In this figure there are three equilibrium states 
which we now describe. For case (a), any displacement of the ball on a concave 
surface will raise the centre of gravity and therefore its potential energy will 
increase and it will naturally return to its original position (stable equilibrium). 
In the second case (b), the opposite is true, on a convex surface a displacement 
will cause the potential energy to decrease and the ball will move further away 
from the original position (unstable equilibrium). Finally (c), on a flat surface 
it will remain wherever it is displaced to (neutral equilibrium).
This analogy follows directly from the axioms of stability (Thompson and 
Hunt, 1984) which state that a relative minimum of the total potential energy 
is a necessary and sufficient condition for stability.
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1.4.3 Fourier analysis
We can represent the buckling mode shapes of the strut with u;(0) =  w(L) = 0 
by considering a Fourier expansion
OO . J
w(l) = V ]  Qi sin (1.26)
. Lii—l
where the Qi are a set of generalised coordinates.
We define Vij =  Vji =  qq J^q ■ These represent eigenvalues of the linearised
solution about the unbuckled state, and since
/ sin2 ^ d 1= f  cos2 ^ dl = (1.27)
J o  L  J o  L  2
the diagonal energy coefficients of the linearised potential are
14- = i  L  (1.28)
where Vij =  0 for i ^  j .  The critical buckling load may be found by setting 
Va = 0 (the stability changes) and solving for P  as this is the point at which the 
system has a zero eigenvalue.
The critical buckling loads P f  are then given by
p p  = EIJ lJ  = E l ( lP \  . (1.29)
(?)
Clearly, the lowest critical load is
P °  = E l ( ^ f  (1.30)
known as the Euler buckling load.
In this case the critical load depends on the length of the strut.
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1.5 Foundations
The Euler strut model can be improved upon, to give a more accurate description 
of geological folding, by adding the behaviour of the material surrounding the 
layer into the model. This material is called a foundation and is often referred 
to as a matrix by geologists.
In chapter 5 we present the results of a set of experiments performed on layers 
of paper, to which we compare our mathematical model in chapter 6 . In these 
experiments, the paper layers are placed between sheets of rubberised foam, 
and it is therefore the behaviour of this foam material that we are attempting 
to model. The most simple model for an elastic material such as the foam is 
the Winkler foundation, which is made up of independent closely spaced linear 
springs (see figure 1-11).
^  £
Figure 1-11: The strut on a Winkler foundation under loading
The Winkler model can easily be extended to approximate nonlinear be­
haviour by adding first destiffening and then restiffening components to the 
model so that the restoring force of f(w )  of each spring is a nonlinear function 
of w. This behaviour can be justified by considering the deformation of the 
foundation at a cellular level (Hunt and Wadee, 1998), (see figure 1-12).
For completeness, we make a remark about the behaviour of geological foun­
dations. When geological folds are formed the layers of rock may be surrounded 
in a matrix of a less competent (less stiff) material. As we shall see in the lit­
erature review (chapter 2), Winkler models have also been suggested as models 








Figure 1-12: The compression of a foam at a cellular level, (a) Linearly elastic
(b) Cell buckles: global softening (c) Opposite sides of cell in contact: global 
restiffening. (After Hunt and Wadee (1998))
is sometimes thought that either elastic or viscous half-space models are more 
appropriate (Hunt et ah, 1997). Another alternative is the so called Pasternak 
foundation that assumes shear interactions between the springs, by connecting 
the ends of the springs to an incompressible beam.
1.5.1 Strut on a linear elastic W inkler foundation
Consider the pin-ended Euler strut (section 1.4.1) resting on an elastic (Winkler) 
foundation of stiffness k per unit length. We assume the springs are tied to the 
strut and anchored at infinity so that they remain normal to the original position 
of the centerline as the strut deflects. The strain energy stored by the foundation 
is (Thompson and Hunt, 1973)
UF =  ^  f  w2 d I. (1.31)
2 J o
In this model there are no boundary conditions. Instead we seek bifurcations 
of periodic form from the trivial solution. A repeat of the Fourier analysis
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performed in section 1.4.3, with the additional term for the foundation gives
Va = E I
IK _ . Z7T \  2 k
- p [ T )  + 2 I* (1.32)
Setting Va equal to zero gives the critical buckling loads
P c = * J l L f i2 + ^ ) (1.33)
k ( L ' 4
where
7  E I
(Thompson and Hunt, 1973). In this case the first mode does not necessarily 
produce the lowest critical load and is dependent on the material properties of 
the strut and the foundation.
By substituting in the value of i =  1 (one half wave)
nC E I tt2 kL2
=  ^  +  ^  (L 34)
where we clarify that whereas in section 1.4.1 the length of the strut coincided 
with the wavelength, here L is a general wavelength (Timoshenko and Gere, 
1963). The value of the critical load is independent of the number of waves.
The strut will buckle to the wavelength that gives the lowest critical load. 
Therefore we minimise with respect to the wavelength L to give
We observe that the addition of the foundation means that the wavelength 
is dependent on the foundation stiffness.
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1.6 Multilayers and friction
The transition from modelling single layer folds to multilayer folds must account 
for two important effects. The first is the friction that occurs between the layers, 
which is related to the overburden pressure. The second relates to how the layers 
pack together, to avoid the formation of voids. This effect forms much of the 
novel work in this thesis and is the basis of chapter -3.
1.6.1 Friction
We know that bending a single layer compresses the inside of a fold and stretches 
the outside. If layers are stacked into a multilayer then for any pair of adjacent 
surfaces one is stretched and the other compressed. It follows that there must 
be slip between the layers working against friction. We model this effect with 
simple Coulomb friction and find that its inclusion replicates important nonlinear 
phenomena (Edmunds, 2005).
Coulomb Friction
The two basic laws of friction (Amonton’s laws) are as follows:
1. The frictional force F  is proportional to the normal load W ;
2. The friction force between two solids is independent of the apparent area 
of contact.
The first law says that F  =  pW ,  where p is known as the coefficient of friction. 
However, this law is contradicted by the static frictional force Fs that occurs at 
zero velocity. This load is dependent on the tangential load and to overcome 
this anomaly a friction indicator is introduced so that
TTr = X P s  x € [ - l , l ] ,  (1-36)
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where /ia is the static coefficient of friction and x is used to describe the direction 
of the friction. Adopting the terminology of Budd et al. (2003) we say that a 
system is jammed when a static body is sitting in equilibrium and x is between 
-1 and 1.
A common addition to the two basic laws is a third law, due to Coulomb, 
which states that if the velocity is non-zero, the friction force is independent 
of the sliding velocity. Typically the static friction force is found to be greater 
than the kinetic force and we therefore introduce a second, kinetic, coefficient of 
friction fik, where fis >
The laws are summarised in figure 1-13 which shows how the frictional force 
changes with velocity. Finally, we remark that this situation can create a stick 
slip mechanism whereby the two sliding solids move with a discontinuous velocity 
(Wensrich, 2005).
Force
X =  +1
Velocity
Figure 1-13: The frictional force changes with velocity. The static friction force 
Fs is the force required to start a body moving. The kinetic force Fk is the force 
required to keep the body moving.
1.6.2 Two layer parallel folding model with friction
Budd et al. (2003) considered a simplified two layer model with friction. Whereby 




Figure 1-14: Slip between incompressible layers constrained to remain in contact. 
(After Edmunds (2005))
stiffness k per unit length. To bend without the formation of voids the layers 
must bend about the same centre of curvature. As we mentioned earlier, this 
creates a difference in length between the adjacent surfaces, resulting in slip 
between the layers (see figure 1-14).
We begin by accounting for bending two layers rather than one. Let the 
interface between the two layers bend with a radius of curvature Rq  and let the 
thickness of an individual layer be A t .  Then the centerline of the inner layer will 
have a radius of curvature Rq — A t / 2 and the outer layer Ro + A t / 2 . The bending 
energy from both layers S U b  over an incremental length SI is then (Budd et al., 
2003),
"* -  \EI ( i v W  + i S T f W )  "■ (u ,)
If A t 2 <  4 R l  then S U b  =  E I / R ^ S l  and substituting the equation for the 
curvature (1.16) the bending energy becomes
r ^ ) d'- (1S8>
The condition on the layer thickness being much smaller than the radius of 
curvature can be seen physically in figure 1-15. In this figure, two thin layers are
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given a large displacement and yet A t2 <C 4R% still holds. Obviously, increasing 
either the layer thickness or the deflection makes the condition hold less strongly, 
or not at all.
Ro 
A t
Figure 1-15: A thin layer implies the condition A t2 <C 4i?Q is likely to hold for 
large deflections.
Now consider the friction. Let the amount of slip between two surfaces be 
s  as shown in figure 1-14. To quantify the amount that the layers slip over one
another we can again make use of bending theory. Over a small change in angle
86 ,
“  = - T z f m ) a  = %  <1!9)
We again make use of the simplification A t 2 <C 4R q so that
6 s & = ^ 6 l  = A t  69. (1.40)
R q
Since the slip is cumulative, the total slip s  at / is
3 =  f  ds = [  At\d6\ = At\6\. (1.41)
J o  J o
where the modulus ensures that positive work is done regardless of the sign of 6 . 
Integrating over 0 < I < L the work done against friction is (Budd et al., 2003)
rL [L
Up = fiqAt j  \6\dl = fiqAt I |sin- 1 u;|d/, (1-42)
J o  J o
where fi, is the coefficient of friction and q is the overburden pressure per unit
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length.
If both layers are subjected to the same end-shortening then the total poten­
tial energy is
V =  JJB + UF — P S  +  XUfj.
■ r e - — )-
-f /  |sin- 1 u;|d/. (1-43)
J o
Here x =  ±1 is a friction indicator that ensures that the friction acts in the 
right direction: x =  +1  implies that the friction opposes the external force and 
therefore gives a positive energy contribution and x =  — 1 implies that friction 
acts in the same sense as the external force (Edmunds, 2005).
To find stationary points of V  we restrict ourselves to the class of sinusoidal 
functions and assume a deflected shape
w(l) = Q cos . (1-44)
In this case a cosine is chosen for the deflected shape because it gives the same 
solution as a sine function, but computation is simplified because friction is 
acting in the same direction along the length.
When substituted into the linearised potential the energy becomes
V =  l-E IL  © 4 Q2 -  l-P L  Q V  +  \ k L Q 2 +  2 x m ? A < |Q |. (1 .4 5 )
Setting dV/dQ = 0 we find the critical load (when \Q\ =  oo) is given by
2 E I x 2 kL2
p  = - F T -  +  —  ^L 1  7T
and minimizing with respect to L gives the wavelength
L =  (1.47)
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The friction has no role in the wavelength selection as it is assumed that 
there is no friction acting in the unbuckled state. However, as soon as the layers 
buckle, the friction significantly changes the stability of the system. This can 
be seen in the bifurcation diagram (figure 1-16). At constant load P, points 
between the two curves defined by x  =  ±1 are stationary positions where the 




X =  - i
Figure 1-16: Bifurcation diagram indicating the jammed region for a constant 
coefficient of friction. (After Budd et al. (2003))
1.6.3 G eological m easurem ents
The coefficient of friction in rocks will vary according to the type of rock and 
the pressure of the surrounding fluid (rocks are porous). Typical values for the 
coefficient of friction of dry rocks range between 0.4 < fj, < 1 and the effect 
of fluid pressure is to lower these values slightly (the effect is not thought to 
be profound due to the extremely high pressure and the slow speed of sliding) 
(Edmunds, 2005).
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An approximation of the overburden pressure is given by the lithostatic pres­
sure, which is due to the weight of the material above the fold (Price, 1970). 
A reasonable value for this is «  0.25 GPa (Price and Cosgrove, 1990; Price, 
1970; McClintock and Walsh, 1962; Rudnicki and Rice, 1975) (cited by Edmunds
(2005)).
1.7 Front propagation background
The level set method is a front propagation method that can be used to implicitly 
describe a curve (or surface) as it moves in its normal direction. In chapter 3 the 
level set method is used to describe the geometry of multilayered parallel folding. 
The theory behind the method appears in the second part of chapter 2. We will 
now define some of the terms that are used when describing front propagation 
methods.
D efin ition  4. Interface
The interface refers to the curve or surface that separates two distinct regions. 
In the current geological example an interface separates two adjacent layers of a 
multilayer.
D efin ition  5. Lagrangian method
The Lagrangian approach to interface evolution involves tracking the inter­
face as it is advected. Typically, the interface is discretised into a set of marker 
particles that are then propagated to give the updated position of the interface.
D efin ition  6 . Eulerian method
Eulerian methods employ a fixed grid approach. In these methods the inter­
face is captured as it passes through the grid. We shall see in chapter 2 that this 
approach can have computational advantages over Lagrangian methods.
The level set method belongs to the class of Eulerian methods. Level set 
methods describe the interface via the solution of a partial differential equation. 
The interface is always given by the zero level set of a function <j)(x,y,t).
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D efin ition  7. Courant-Friedreichs-Lewy (CFL) Condition
The CFL condition is a stability condition that places a limitation on allow­
able time-steps At.  The concept is that the distance a travelling wave passes in 
one step should not exceed the spatial step h such that (Courant et ah, 1928; 
Morton and Mayers, 1994)
A t <  —r— (1.48)
max |u|
where v is the velocity function.
1.8 Summary
This chapter has set the scene for the rest of the thesis. The first model presented 
for the folding of rock layers was the pin-ended Euler strut and it is found that 
the length of the strut determines the critical load at which the strut buckles. A 
more realistic model is the strut on a linear elastic foundation, which buckles to a 
periodic wave with the wavelength dependent on the stiffness of the foundation. 
Finally, multilayered systems are considered and the effect that friction has when 
two elastic layers buckle, but remain in contact as they do so.
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Chapter 2
Literature review: The theories 
of geological folding and of front 
propagation m ethods
2.1 Introduction
Owing to the interdisciplinary nature of the present work, this chapter is bro­
ken into two parts. The first part concerns the geological folding literature, in 
particular references to parallel folding. Much of this information is covered by 
Edmunds in his thesis (Edmunds, 2005) and we provide a summary of his main 
arguments. Other major reference sources include the following: “Analysis of 
geological structures” (Price and Cosgrove, 1990), “Styles of folding” (Johnson, 
1977) and “An Outline of Structural Geology” (Hobbs et al., 1976). The second 
part of the chapter looks at the suitability of different front tracking methods, 
when used in the geological application of describing the geometry of rock lay­
ers. We conclude that the level set method is well suited for this purpose, and 




The study of multilayered folding began at the end of the nineteenth century with 
observations of rock formations and the subsequent classification of folds. Two 
of the most common types of folding in geology are the parallel fold (figure 2- 
1(a)) and the similar fold (figure 2-1 (b)) which were first described by Van 
Hise (1894). The distinguishing property of the parallel fold is that thickness 
remains constant in each layer, so that each layer remains strictly parallel to a 
central layer (the orthogonal distance between any two layers is constant). In 
his description of parallel folding, Van Hise (1894) noted that the geometry of 
each layer is then usually different from its neighbouring layers. The similar fold 
is defined as having layers with identical geometries to each other.
Figure 2-1: (a) Parallel folds and (b) Similar folds. (After Van Hise (1894)).
50
2.2.1 Elastic single layer solutions
The early attempts to model geological folds concentrated on a single layer using 
Euler-Bernoulli beam theory (Euler, 1744) discussed in chapter 1 and therefore 
neglected the effects of friction between the layers. The first person to apply 
the theory to rock layers was Smoluchowski (1909) who considered a simply 
supported elastic layer, which is resisted by the weight of the layer (the lithostatic 
pressure)
EI'w  +  Pw  +  pg =  0 (2-1)
where as in chapter 1, dots denote differentiation with respect to /. A Fourier 
analysis of the type presented in chapter 1 yields a critical load of
p c - e i  © ' + » © ’ <2-2>
and a corresponding wavelength
L = t { — . (2.3)
V P3
Goldstein (1926) replaced the gravitational term with a resistive force to 
give the strut on a linear elastic foundation model seen earlier in section 1.5.1. 
A fourth order ordinary differential equation is derived by taking moments about 
a point along a strut that is supposed just buckled
E I ’w ’ +  Pw  +  kw =  0. (2-4)
A detailed analysis of equation (2.4) is provided by Wadee (1999b). We assume
a solution of the form w =  asin(u;/) where w =  (27v/L) and substitute into
equation 2.4 to derive the characteristic equation
E I lj4 - P lj2 + 1c = Q. (2.5)
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There is a critical value of P, which we call P c =  2 y k E I  (note that this can 
be found by differentiation of equation 1.33 with respect to the wavenumber i in 
chapter 1). We are interested in compressive loading (positive P) and three cases 
arise. For P > Pc the eigenvalues are imaginary and occur as two pairs about 
the real axis. In this case the form of the solution is sinusoidal. When P  = Pc 
the eigenvalues either side of the real axis take the same value. Finally, for 0 < 
P < P c the unbuckled state is stable. Goldstein (1926) also considered clamped 
struts without finding any significant differences in the generic behaviour to that 
just described.
Early experimental work on folding was conducted by Kuenen and de Sitter 
(1938) (cited by Price and Cosgrove (1990)) who were attempting to understand 
the mechanism of parallel folding. In these experiments the effects of layer 
parallel compression were explored and compared when applied to a slab of 
unstratified clay, a paraffin wax layer, a pack of paper sheets and a rubber plate 
(shown in figure 2-2(a) to (d)).
Figure 2-2: Sketches showing the effect of layer parallel compression on (a) a slab 
of unstratified clay, (b) a paraffin wax layer, (c) a pack of paper sheets and (d) 
a rubber plate. (After Kuenen and de Sitter (1938) cited by Price and Cosgrove 
(1990)).
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These experiments demonstrate that folds can be formed with two differ­
ent mechanisms, namely flexural flow folds (slip and flow) (figure 2-2(d)) and 
tangential longitudinal strain folds (figure 2-2(a)-(c)). Kuenen &; de Sitter were 
surprised to find that in the experiments producing tangential longitudinal strain 
folds, the friction usually governed the deformation. As a final comment on these 
experiments, Edmunds (2005) notes that in the experiment on the paraffin wax 
layer it looks as though the fold formed in a serial manner.
2.2.2 Viscous layers
An alternative to the elastic foundation models presented in chapter 1 are viscous 
foundations surrounding either elastic or viscous layers.
Biot (1961) had a huge impact on the geological community which, to some 
extent, still exists to the present day (for example see Schmid and Podladchikov
(2006)). In his 1961 paper, Biot (1961) consolidates his earlier work in the 
subject to produce a theory of the folding of stratified rocks. Previously, Biot 
(1937) had stated that bending an infinite beam on an elastic continuum (half- 
space) under lateral load was more realistic than on a Winkler foundation (see 
section 1.5). He applied a sinusoidal load to the continuum and showed this 
causes a sinusoidal deflection with the load dependent on the amplitude and 
wavelength. However, for a sine-like concentrated load, the bending moment 
close to the load were found to agree well with a Winkler foundation having 
the same maximum bending moment. Of great relevance to the 1961 paper was 
the ‘general theory of the folding of a compressed plate embedded in an infinite 
medium’ developed in an earlier paper (Biot, 1957). Fundamental to this paper 
was the introduction of the notion of a dominant wavelength.
Biot (1961) considered elastic and viscous (single) layers in an infinite viscous 
medium with initial imperfections. His theory is applicable in both cases through 
the correspondence principle, whereby the viscosity coefficient is replaced by the 
rigidity modulus. In the case of an elastic rod on a viscous Winkler foundation,
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the familiar fourth order equation is derived (see equation (2.1))
q = EI'w  +  Pw  (2-6)
where in this case q is the lateral restraining force per unit length.
The rod is assumed to deflect into a sinusoidal shape given by w = wq cosux, 
where the wavelength of the deformation is L = r/w. To support this shape the
transverse load is also distributed sinusoidally so that q = qo cosux.  Substituting
the deflected shape into equation (2 .6) yields
- q  = P lj2w -  E I u 4w (2.7)
where the zeros have been dropped. Biot assumes that the lateral force is made 
up of viscous dashpots, such that
(2 .8)
where q is the viscosity. We may then write
1 I ~  = w{Pu2 -  E I u 4). (2.9)
at
The general solution to equation (2.9) is given by w =  Cept with
p =  - ( P u 2 -  E I u 4). (2.10)
V
When p is negative the deflection will die out and for positive p the amplitude 
will grow exponentially. The idea is that the u> that gives the maximum value of 
p will grow the fastest and will dominate the others. This value of u  is given by
Ud = ' ' 2 1 7 ’ ( 2 - n )
corresponding to a wavelength of
L i =  (2-12)
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called the dominant wavelength. This is the wavelength for which the rate of 
increase of the amplitude is maximum. It is interesting that this wavelength is 
independent of the viscosity; a finding that is also true in the case of an elastic 
plate embedded in a viscous continuum.
The theory was then developed to the case of a viscous layer with viscosity 
rj embedded in a viscous continuum of viscosity rji with 771 <C g- The dominant 
wavelength in this case is independent of the axial load, but depends instead on 
the viscosity coefficients so that
Li = 27rA <^/^-, (2.13)
where A t  is the thickness of the layer.
The expression for the dominant wavelength can also be calculated for a 
multilayer containing n viscous layers with perfect lubrication given by (Biot, 
1957; Ramberg, 1961)
Ld = i r A t d ^ - ,  (2.14)
We note that Biot and Ramburg both arrive at the same equation, although they 
derived it using different techniques and assumptions (Biot (1961) rederives his 
earlier result and assumes perfect slip whereas Ramberg (1961) assumes perfect 
cohesion between the layers). Biot revisits these ideas in his book “Mechanics 
of Incremental Deformation” (Biot, 1965).
By considering a viscous layer resting on a viscous continuum, the analysis 
was extended to study the effect of gravity on the dominant wavelength. In this 
case the dominant wavelength Ld again becomes dependent on the compressive 
load P
where g is the acceleration due to gravity and p\ is the density of the matrix.
55
To test the viscous arguments and to show the possibility of more than one 
dominant wavelength Ramberg and Stromgard (1971) produced a set of multi­
layer experiments. These were conducted on rubber layers (elastic) of different 
thicknesses embedded in gelatine. For small deflections, the experiments and 
theory had wavelengths and amplitudes in agreement with each other, although 
the same could not be said for larger deflections.
Biot’s model is a linear model and therefore is only valid for the initial stages 
of buckling and is not accurate for large amplitude deflections. Edmunds (2005) 
questions the validity of Biot’s analysis and makes four main points:
1. For permanent deformation of rocks it is more likely that rocks behave 
elastically (or elastoplastically) than as viscous fluids. (Biot assumes that 
any elastic behaviour can be ignored.)
2. The model is only relevant for infinitesimal amplitudes.
3. The model is restricted to periodic wavetrains (as opposed to serial folding).
4. The notion of a dominant wavelength is not correct over all times.
Proponents of the viscosity model include Chappie (1968) who modified the 
infinitesimal theory of Biot to include finite amplitude folds, with limb dips of 
up to 15°. Smith (1975) also considered the initial stages of buckling of a single 
Newtonian viscous layer embedded in a matrix with a different viscosity. He 
found that a layer of material of infinite length will deform homogeneously, no 
m atter how big the contrast in viscosity is with the matrix. However, this process 
is unstable and the layer will either fold or pinch and swell with respect to its 
original thickness. In a second paper, Smith (1977) introduced non-Newtonian 
flow to model the deformation and found that in the case of folding it did not 
improve the comparison between the model and observation.
As a final remark we note that the viscous view of the buckling of layered 
structures is similar in spirit to a continuum-mechanics view of the buckling of 
elastic fibre structures. Although not applied to rock layers, Fu and Zhang (2006) 
present a continuum-mechanics model for kinkband formation in fibre-reinforced 
composites, which was able to predict the kink angle.
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2.2.3 Elastic multilayers
Most of Biot’s contemporaries were convinced by the viscosity approach to mod­
elling and as we saw in the previous section, the majority of researchers neglected 
any elasticity in their models. Indeed, in 1990, on the issue of geologists neglect­
ing elasticity in their models, Price and Cosgrove stated:
‘Geologists for the last two decades, have been misleading themselves 
by ignoring this situation.’
(Price and Cosgrove, 1990, p. 302)
However, there were some researchers who continued to develop the earlier, 
single layer elastic models. Currie et al. (1962) presented an elastic model con­
cerning the mechanics of rock folding; in particular, looking at the folding of 
sedimentary rocks under tangential loads. The resulting energy-based model is 
developed using small deflection assumptions and is based upon Euler-Bernoulli 
beam theory. Unlike most other elastic models, Currie et al. (1962) introduce 
the critical wavelength-thickness ratio
h  -  #  «
where E  is the Young’s modulus of the beam and crp is the proportional limit 
of compressive stress. For values of the ratio greater than this value the beam 
will deflect sinusoidally and below it the beam will either buckle non-elastically 
or crush. Note that in contrast to chapter 1 the behaviour of the system is 
independent of the load.
A lateral restraint is added to the model as an elastic continuum (Biot, 
1937) which, via the correspondence principle, leads to the same critical load 
and wavelength as Biot (1961). Currie et al. (1962) extended their model to a 
multilayer formulation by considering n layers of equal thickness At.  Any friction 
between the layers was neglected, which was acknowledged by the authors to be 
unrealistic in geological situations. Also assumed was that the bending energy
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of each layer would be the same as its neighbour’s, so the total bending energy 
could be found by multiplying the bending energy of one layer by n. We shall 
see in the analysis of chapter 3 that this assertion is not valid for relatively thick 
samples undergoing moderate deflections. Assuming a sinusoidal deflection leads 
to
where E0 is the elastic modulus of the foundation (compare with the two layer 
expressions (1.46) & (1.47) given in section 1.6.2).
In order to test their model, the researchers looked at examples of geological 
folding and also performed a set of experiments. From their field observations 
they plotted a log-log graph of the wave length to dominant layer thickness, 
which agreed well with the theory. In the experiments, gum rubber strips are 
embedded in gelatine (the Young’s modulus of the gelatine could be varied in 
each experiment) to create a multilayer with competent layers surrounded by 
incompetent material. The results of these experiments exposed problems with 
the model. The main issue was that after limb-dips of just 5°, the outside 
competent layers could not be considered sinusoidal (see figure 2-3). We will see 
that this becomes highly significant in the later chapters of the current thesis.
Figure 2-3: Gum rubber strips with equal thickness and layering sequence em­
bedded in gelatine. (After Currie et al. (1962))
L = 2ttA t (2.17)
Lines of discontinuity Lines of discontinuity
Figure 2-4: Lines of discontinuity in (a) concentric folds (b) kink bands. (After 
Johnson (1977))
Another geologist who continued to use elastic models was Johnson, whose 
work is summarised in his book, “Styles of folding” (Johnson, 1977). Here he 
points out that no-one truly knows how rocks behave at times of folding and 
therefore elastic models of folding may be equally valid (as viscous models). 
Furthermore, for rocks high in the Earth’s crust he believed that elastic-plastic 
models were more appropriate. There are a number of points of interest for 
us to note in the book, which starts with some historical background. The 
first is Johnson’s observation of lines of discontinuity in ideal folds. Lines of 
discontinuity arise when there is a discontinuity in either the curvature or the 
radius of curvature when the line is crossed. We can see in figure 2-4 that the 
lines of discontinuity are lines of zero curvature and hence have infinite radius of 
curvature. These lines are apparent in parallel folding (figure 2-4(a)) and kink 
banding (figure 2-4(b)), but do not exist in similar folds (as the characteristic 
directions are parallel). Obviously these lines also exist in geological examples 
and experimental folds as well as the idealised folds. Johnson was not able to 
formulate these ideas into a model, which he claimed was interesting but not 
particularly useful.
The underlying model first appears in a paper, co-authored with Honea, 
where a set of linearised equilibrium equations for compressible elastic materials 
are developed (Johnson and Honea, 1975). The wavelengths predicted by this 
model are then compared with “elementary folding theory” and shown to be in 
excellent agreement, which by their own admission reduces the importance of 
the model (Johnson, 1977).
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£Figure 2-5: The transition from Similar-to-parallel-to-chevron folding. (After 
Johnson (1977))
Also of interest is the theory regarding the evolution of different folding sce­
narios. Here it is expected that after a period of pure squash, sinusoidal (similar) 
folds are the initial formation (formed as a wavetrain of Biot wavelength) after 
the critical load has been reached. This formation is unstable in multilayers, so 
as it grows, parallel folds form which are stable. With further end shortening, 
the yield point is passed at certain points along the layer and parallel folds are 
replaced by plastically formed chevron folds (figure 2-5).
Edmunds (2005) is quick to point out the deficiencies of this approach, the 
main one being that there was no explanation for parallel folding which occurs 
as a “higher order effect”. Edmunds (2005) also questions the mechanism of the 
layers going from straight to buckled, which is deemed to be unrealistic.
At a similar time to Johnson, Hobbs et al. (1976) summarised the work on 
modelling the development of folds that had been done to date. The unanswered 
questions of the day are still largely unanswered today, including the fundamental
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question, ‘When a fold forms will it be rounded or sharp in profile?’ On the 
subject of viscosity, they question the justifications that had been put forward 
to demonstrate that rocks should behave as ideally viscous fluids under geological 
conditions and conclude:
‘What is needed most of all are better mathematical tools for han­
dling the problems involved.’
Hobbs et al. (1976, p. 201)
2.2.4 Multilayer folding models with friction
During the late 1970’s there was an increasing body of evidence to suggest that 
rock folds form in a sequential manner (serial folding) rather than as a wavetrain 
(Price, 1970, 1975). Experimental evidence revealed that, in the majority of 
cases, parallel folds formed either sequentially (see figure 2-6), or as a stochastic 
localisation (where points along the multilayer amplify by random amounts at 
different times) (Blay et al., 1977).
The sequential view of folding added weight to the elastic argument and 
opened up new avenues of research, in particular the application of localisation 
theory. However, at the time localisation theory was in its infancy and these 
techniques were not used in a geological setting until the late 1990’s, with one of 
the first papers being Hunt et al. (1997). The paper was exploratory in nature 
and as a consequence considered the buckling of a single layer confined by a 
foundation. Half-space foundation models are considered to be more realistic 
but had not been rigorously formulated in the nonlinear range. However, if a 
Winkler foundation is used a fourth-order partial differential equation is derived 
to which solutions can be found.
In a pair of complementary papers Budd et al. (1999) and Budd and Peletier 
(2000) develop a prescribed end-shortening model of a single elastic layer in 
a viscous matrix. Two foundations are considered: the half-space foundation 
and the Winkler foundation. An energy functional is derived and subsequently
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Figure 2-6: Serial folding of a gelatine multilayer, which can be seen being loaded 
from the right. (After Blay et al. (1977))
linearised; hence the model is valid for small deflections. In the case of the 
viscous Winkler foundation the governing differential equation becomes
EI'w  -f Pw  -f r)wt = 0 (2.18)
Their findings were as follows:
1. An initial perturbation gives rise to a localised subsequent fold evolution.
2. The wavelength and the axial load change with time. An implication of 
this is that there is no dominant wavelength valid over all times, which 
contradicts Biot’s analysis.
3. The long-term behaviour is approximately self-similar. A consequence of 
this is that the long-term behaviour is independent of the initial perturba­
tion.
It is noted that geometric nonlinearities are not considered and that the
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modelling of multilayers would produce different results. In fact, these ideas were 
soon applied to multilayered structures in a set of three papers on the formation 
of kink bands (Hunt et al., 2000, 2001; Wadee et al., 2004). The prototype model 
of the first paper was developed into a model that was capable of providing a 
good comparison to experiments performed on layers of paper in Wadee et al. 
(2004). Hunt et al. (2000) introduce a total potential energy formulation that 
contains friction between the layers. This formulation is advantageous because 
the Maxwell stability criterion can be used to find a lower bound to the critical 
displacement for kink banding. The major development of this model came 
in the third paper and was to allow transverse compressibility of the layers 
(Wadee et al., 2004). This meant that the orientation angle of the band could 
be determined, which in turn led to the lockup angle of the kink band.
More recently, parallel folds have been the subject of localisation techniques. 
Budd et al. (2003) developed a two layer parallel folding model with friction, as 
described in section 1.6 .2.
The model is extended to explore the formation of serial folds in Hunt et al. 
(2006). To enable the formation of a second fold, the first fold must restabilise 
and lockup. The term restabilisation refers to the axial load going from decreasing 
with end shortening to increasing. At some point the amplitude of the first 
fold will stop increasing with continued end shortening, this can happen when 
opposing limbs come into self-contact, and in such circumstances we refer to 
the fold as being locked-up. To provide a restabilisation effect in the model a 
nonlinearity is added to the foundation via an extra term:
(2.19)
where the coordinates are vertical displacement w and arc length /. Here C > 0 
is a restiffening coefficient.
The first scenario considered in the paper was the formation of a single hump. 
Rather than assuming a sinusoid for the deflected shape, cubic B-splines were 
used as these are a better representation of a localisation than that of a Galerkin 
approximation which admits a periodic response. However, when compared, the
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B-spline and the sinusoidal shapes lead to very similar results. The second 
situation involved two B-splines with independent maxima/minima, giving the 
model more freedom to select a waveshape. The main finding is that serial 
folding is the preferred solution when compared with spontaneous buckling.
In another development of the two-layer model it is extended to an n layer 
model (Edmunds et al., 2006). The multilayer model is compared with a set 
of parallel folding experiments performed on sheets of paper. The multilayer is 
given total thickness T  and the central layer buckles to a radius of curvature 
Ro as shown in figure 2-7. The model is valid whilst T 2 «  4R%, which lim-
Figure 2-7: The total multilayer thickness T  and the radius of curvature of the 
central layer Ro
its the amplitudes of the buckle when T  is large. Implicit in this restriction 
is the assumption that the deflected shape of all the layers are approximately 
sinusoidal. Nevertheless, the model agrees well with the experiments, especially 
when a single localisation occurs.
However, the agreement relies heavily on the restiffening coefficient C which 
is found by curve fitting to a plot of a compression test performed on the founda­
tion. In section 6.2.3 we outline why we think a linear model is more appropriate 
for the foundation as it is subjected to lateral loading. If this is the case, it means 
that a hardening effect of the foundation might not be the reason why a fold will 
restabilise and lockup.
In the first half of this literature review an argument has been put forward 
advocating the use of elastic layers to model geological folding. Furthermore,
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when modelling a multilayer, it is vital to describe the layers separately so that 
effects such as friction between the layers can be included. There are also many 
instances in the literature where the geometry of a parallel fold is described 
and it is well known that the layers are only sinusoidal towards the centre of 
the multilayer (Van Hise, 1894; Currie et ah, 1962; Johnson, 1977; Edmunds 
et al., 2006). However, this is something that has tended to be neglected in the 
mathematical models and is a situation that we intend to rectify. Our aim is 
to take a reference layer and to propagate it in its normal direction to find the 
deformation of all layers in a multilayer. Before we formulate the model we first 
give the literature surrounding front propagation methods to explore which is 
the most suitable for our purpose.
2.3 Front propagation m ethods
2.3.1 Introduction
Figure 2-8: The level set method applied to folding rock. The thick dashed line 
is a cubic spline fitted to the shape of the rock layer.
We motivate the use of front propagation methods by means of a figure.
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By fitting a spline to a chosen reference layer from figure 1-1 (shown as a thick 
dashed line in figure 2-8) and propagating the resulting curve in both the forward 
and backward normal directions we see that the curve picks out the geometry 
of all the other rock layers as shown in figure 2-8. This observation leads us to 
believe that many of the geometrical features are imposed by the layers folding 
without forming voids. So with the simple assumption that the layers have 
an equal thickness and that no voids form between the layers, we get a good 
approximation for the multilayer geometry given the shape of one reference layer. 
We now give a review of some of the methods that are available to perform the 
normal propagation.
There are two main classes of method for tracking arbitrarily shaped in­
terfaces: Lagrangain methods and Eulerian methods (Shyy et al., 1996). The 
Lagrangian representation involves tracking the interface with a series of marker 
particles, which explicitly give its position. The Eulerian methods usually em­
ploy a fixed grid formulation and the position of the front is not explicitly tracked 
but must be reconstructed from information stored at various grid points. Ac­
cordingly, Lagrangian and Eulerian techniques have their own strengths and 
weaknesses and the choice of method is often problem dependent.
2.3.2 Lagrangian versus Eulerian
The relative strengths of the two formulations are given as follows:
1. Interface definition
The Lagrangian methods explicitly define the position of the front and 
therefore finding the accurate location of the interface is trivial. Eulerian 
methods require extra modelling to locate the interface, for example, based 
on cell fractions (volume-of-fluid techniques) or the distance away from the 
interface (level set methods).
2. Topological changes to the interface
Eulerian methods automatically handle both mergers of separate interfaces 
and splitting of a single interface into multiple interfaces. On the other
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hand, Lagrangian methods experience difficulty in handling topological 
change.
3. Discontinuous solutions and shocks
Lagrangian methods have difficulties handling singularities as the interface 
can become multivalued. Eulerian methods employ a more global view and 
such problems are negated with the application of an appropriate weak 
solution.
In some applications, there also exist hybrid methods such as the Particle 
Level Set Method that attem pt to combine the strengths of the Lagrangian and 
Eulerian techniques (Enright et al., 2002). This method is used when volume 
conservation is important.
2.3.3 Eulerian m ethods
In chapter 3 we show that singularities are a natural consequence of rock folding 
and we therefore choose to model the geometry of the layers with an Eulerian 
method. Two of the basic Eulerian methods are the Level Set Method and the 
Volume-of-Fluid Method. As their name suggests, volume-of-fluid techniques are 
designed to maintain constant volume (or area in 2D) and they have the benefits 
associated with other Eulerian methods (Noh and Woodward, 1976).
Volume-of-fluid methods break the computational domain into a number of 
cells that are given a value depending on the fraction of the cell that contains 
material inside the front. It is these cell values that are used to move the inter­
face. With volume-of-fluid techniques it can be difficult to accurately relocate 
the front or to calculate its geometric properties, such as its normal or curva­
ture. For our geological application, it is precisely the geometry of the interface 
that we are interested in and we therefore deem the volume-of-fluid methods as 
unsuitable for our purpose.
Shortly after the arrival of volume-of-fluid methods came the invention of 
another Eulerian based method (Dervieux and Thomasset, 1979, 1981), which
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is now called the level set method. However, it was not until its reinvention in 
1988 that it became well known to the research community (Osher and Sethian, 
1988). We saw in chapter 1 that the level set method is an Eulerian, partial 
differential equations approach, that divides the domain into grid points that 
store values of the level set function (f>(x,y,t). Typically, the values of (f> are 
the distances away from the interface. If points on one side of the interface 
are assigned positive values (of the distance to the interface) and points on the 
other side negative then (f> is known as a signed distance function. When (f> is 
a signed distance function its level sets are evenly spaced, which means that 
as well as having the benefits associated with other Eulerian approaches, it is 
straightforward to compute the geometry of the interface.
2.4 The level set equation
Consider a function (f)(x,y,t) : IR? x IR—> 1R? x 1R. For each value of t the zero 
level set I\(:r, y) of (f> gives the position of a curve at a given time t and is given 
by the set of points {(x,y)  : <f)(x,y,t) = 0} . In this case the subscript t refers 
to the time at which the zero level set is given rather than the derivative with 
respect to t. The evolution of this curve is given by the solution to the initial 
value problem
</>t +  v\V<j>\ = 0 (2 .20)
given some prescribed function <f)(x, y, t = 0). Here v is a speed function and can 
depend on many factors such as the curvature of the curve. Equation (2.20) is 
known as the level set equation and is derived more carefully in section 3.4.
2.4.1 Upwind schemes
To solve the level set equation we must discretise (f) into a grid and find estimates 
for the temporal and spatial derivatives. Therefore, we let [0,T] be the range 
of temporal values and discretise this into N  — 1 intervals of size A t  such that
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= iA t  with z =  l , . . . ,  Mi.  A similar division is made of the spatial coordinates 
with Xj = jh  with j  = 1, . . .  , M 2 and for simplicity the same step is used in the 
y-direction yk = kh with k = 1, . . .  , M3. We then consider an approximation 
to the function <j>(x,y,t) at the point (x , y , t ) =  ( jh ,kh , iA t) .
A first-order accurate forward difference operator is
_  $ ((i +  1 )h ,y , t )  -  $ ( jh , y , t )d(j)
dx hx=jh 11
(2 .21)
a first-order backward difference operator is
§ ( jh ,y , t )  -  ${{j -  1 )h,y, t)d(j)
dx h
(2 .22)
and a second-order central difference operator is given by
$ ((j 4-1 )h, y, t) -  $ ((j -  1 )h,y, t)d<f>
dx x=jh ^
(2.23)
(Morton and Mayers, 1994). We can abbreviate these expressions by D+X<j>, D~x(j) 
and D0x<f) respectively, with similar expressions for differentials with respect to 
y and t.
Given an initial value for the function </> we can use the approximations to 
the derivatives to construct a numerical method to find the position of the front 
at the next time step. We let 4>l =  $ ( iA t)  be the current accepted value of 0, 
where is an increment in time. The update of </> is given by 4>l+1 at time 
[i -f 1)A2.
A simple method for the time discretisation is the forward Euler Method 
given by
$*+1 _  tf)1
 — ---- +  t / | W |  =  0 (2.24)
where v% is the given velocity field at time t =  iAt.  To update 4> we also require 
an approximation for the spatial derivatives |V<^1|, which requires a little more 
thought than simply evaluating the derivatives (2.21)-(2.23). This is most simply
69
explained by first considering the one-dimensional version of (2.24),
djl+! _  <6*
A t  + =  0, (2.25)
where the sign of vx determines whether the values of <^> are moving to the right or 
to the left. If vx is a constant and v% > 0, the values of (j> are moving from left to 
right and therefore D~x<)> should be used to approximate <j>x. Alternatively, if vx < 
0 then D +x(/> should be used to approximate (j)x. It is the method of characteristics 
that tells us which approximation to use for the choice of derivative. Methods 
that base the choice of approximation upon the sign of vx are known as upwind 
methods. The example mentioned here is a first-order accurate upwind method 
so that the errors are 0 (h ) . This is a stable method provided that the CFL 
condition is met (given in definition 7).
2.4.2 Discontinuities
An upwind scheme ensures that information flows in the correct direction. How­
ever, there is no guarantee that discontinuities are computed in a physically 
appropriate manner, so that characteristics flow into shocks. Osher and Sethian 
(1988) used the connection between Hamilton-Jacobi equations and conserva­
tion laws to find a method that can propagate discontinuities which correspond 
to an entropy solution. We now summarise their argument.
With our application of the level set method to parallel folding, we con­
sider the level set equation with v = 1, so that </>* +  |V</»| =  0, known as the 
Eikonal equation. This equation is an example of a wider class of equations 
called Hamilton-Jacobi equations, given by
<f>t +  H((f)x, <t>y) =  0 for x £ IRm x (0, oo) (2.26)
The function H  is the Hamiltonian which for our purposes is given by
=  +  (2-27)
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Now consider the one dimensional version of equation (2.26) and differentiate 
with respect to x giving
0 — <f>tx +  H{<i>x)x — ((f>x)t +  H{(f>x)x• (2.28)
We now substitute u =  <j)x to put the equation into conservation form
ut + H(u)x = Q. (2.29)
Here H{u) represents the flux function which we will now call F(u). A well-
known example of an equation in conservation form is the continuity equation
pt +  (pu)x = 0, (2.30)
for the conservation of mass, where p is the density of the material.
Integration of equation (2.29) gives
rb rb rb
0 = 1  (u* +  [F(u)]x) dx =  /  ut d x +  [ F ^ ^ d s  
J  a  J  a  J  cl
j  pb




j  udx  = F(u(a,t))  — F(u(b,t)). (2.31)
J  a
This equation does not assume that the solution u is differentiable with respect 
to x and as such we seek weak solutions. Sethian (1985) asserts that the appro­
priate physical solution is the entropy solution. Entropy solutions say that the 
characteristics should flow into shocks, and the solution can be viewed as first 
arrival times. For example, in the case of a propagating flame front, the entropy 
criterion ensures that once a particle burns, it remains burnt. Another interpre­
tation of the physically correct solution is the vanishing viscosity solution. This
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solution is obtained by adding a regularisation to the Hamilton-Jacobi equation,
f t  + F ( K )  =  (2.32)
where e is a positive constant. Taking the limit (pc —> <p as e —> 0 gives an
appropriate weak solution.
More formally, rather than defining the weak solution as a limit of smooth 
solutions, Crandall and Lions (1983) and Crandall et al. (1984) instead used a 
maximum principle:
D efin ition  8 . A bounded uniformly continuous function (p is called a viscosity
solution of (2.26) provided for each ip £ C^nt™  x (0, oo))
{ i f (p — ip has a local maximum at a point (xo,to) £ IR771 x (0, oo), 
then ipt(x0, t0) +  F(Vip(x0, t0)) < 0
and
{ if <p — ip has a local minimum at a point (xo,t0) £ lRm x (0 , oo), 
then ipt(x0, t0) +  F(V'ip(x0, t0)) > 0.
Crandall and Lions (1983) and Crandall et al. (1984) show that a) viscosity 
solutions admit the classical solution when it exists, b) viscosity solutions are 
unique and c) the solution produced by taking the limit of the smooth solutions 
<p* as e —► 0 is the viscosity solution.
We now appear to have two different ideas for the desired weak solution. 
However, Barles (1985) showed that the entropy condition picks out the viscosity 
solution so this is not a problem.
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2.4.3 Solving H am ilton-Jacobi equations
As a first attem pt we can make use of the idea of the solution being the limit of 
smooth solutions. We recall the regularised equation (2.32) and solve this with 
the upwind scheme
$*+! _
- 1 ■ J =  [max(0, +  min(0, $ j )D +x$)\ +  tD~xD+x§) (2.35)
a process known as the method of artificial viscosity. This method is stable but 
has the significant drawback that it excessively smoothes sharp corners. Instead 
we try another approach and recall the conservation law (2.29). To ensure that 
discontinuities are projected at the correct speed we must write this equation in 
a discrete conservation form (the rate of change of conserved quantities is equal 
to a difference of fluxes) (Osher and Fedkiw, 2003). Typically, conservation form 
is derived for methods that evolve cell average values in time rather than nodal 
values. Let xj be the centre of a grid cell (xj_i/2, £ 7+1/2)- We then integrate 
(2.29) over the cell to obtain
f xi+1 /2  A f xj+1 /2
/ ut +  F(u)x dx = — udx-\- F(uj+i/2) -  F(itj_ 1/2) = 0 (2.36)
or
(uj)t +  F(v,j+1/2) — F (u j -1/2) =  0 (2.37)
where Uj =  u dx. Equation (2.37) is in conservation form, and there
exists a numerical flux function F(uj- i ,Uj)  (or F(uj,Uj+1)) which approximates 
F (u j -1/2) (or F(uj+1/2)). T  is required to be consistent so that F(u ,u)  =  F(u). 
The cell average is defined as
(2.38)
Cell averages of u are directly evolved in time by the scheme. However, values 
of the cell boundary are also required to evaluate the fluxes. If we ignore this
ve, j  — 7 U j  •
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difference and replace wave,j with Uj then
(Ujh)t + F(uj+1/2) — F (u j - 1/2) — 0 ( h 2) (2.39)
which is adequate for methods up to second order. For higher order methods Shu 
and Osher (1988) and Shu and Osher (1989) introduced a different numerical 
flux function T  (of one variable) by the property that the real flux divergence is 
a finite difference of numerical fluxes
F(u)x = T{-X + fe/2) ~ ~ ft/2) (2.40)
h
at every point x so that
(«,•)« +  ^ X +  ft/2) ~  ~  h/2) = 0 (2.41)
To make the link with entropy solutions we first define a monotone scheme. The 
scheme W  of the form
u’+1 =  ^ ( U* .l!U$ ,« '+1) (2.42)
is monotone if IF is a non-decreasing function of its arguments. Here, as we saw 
earlier with <f>, we use the notation u*- =  u( jh , iA t) .
The salient point is that a monotone scheme in conservative form will obey 
an entropy condition (LeVeque, 1992).
2.4.4 The level set algorithm
Recall the Hamilton-Jacobi formulation of the level set equation (j)t -\-H((j)x, <j)y) = 
0, or in one dimension </>t +  H{(j>x) =  0, which we have shown leads to the 
hyperbolic conservation law ut -\-[H(u)]x =  0 (<f>x =  u). We have also shown that 




The value of F  at the point (j  — 1/2)h (F,-_i/2) is approximated by the nu­
merical flux function T  by Fj- i /2 & ^ ( u ^ ,  u*) and at (j +  1/2)h by Fj+i /2 «  
w*+1). From the definition of u we can write
<f>t +  F(u) =  0. (2.43)
To find with an Euler time approximation requires <j>%- and F(u'J), which by 
definition is given by F(ulj) «  F(uj_i /2, Uj+i/2). We can now find the cell values 
for the centre of the cell using forward and backward differences
^ +1 =  -  A t F (u)) ~  4) -  A ^ ( u i_ i/2, uj+1/2) (2.44)
and the fact that </>x =  u combined with the difference formulae, gives
( tiZ p iL I , ^ +1 ~  (2.45)
In two dimensions we can approximate (f>t -f H (0r , (j>y) =  0 by
<Pj,k ~  <Pj,k ~  ^  j  , ~h  , ^  , -  ~h  J  •
(2.46)
Osher and Sethian (1988) present numerical flux function given by the scheme
^Hj(ai» fl2» bi, b2) =  [max(ai, 0)2 + min(a2,0)2 +  max(&i, 0)2 +  min(&2,0)2] 2
(2.47)
for forward and backward difference approximations a i ,a 2,&i and &2. This 
scheme is upwind and satisfies the entropy condition with relatively little diffu­
sion (Sethian, 1999).
The first order level set method is then
~ A t  [maxK*> °)v +  +  minfefc, 0) V " ]2 , (2.48)
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where
V + = [max(D~k, 0)2 +  mm(Df%,0)2 +  max(£>"£,0)2 + mm(D+%, 0)2] 5 (2.49)
V " =  [max(L>t£, O)2 + 0)2 +  m ax (D ^ , 0)2 + mm(D~yk , 0)2] 1 (2.50)
Here we have used the notation that Dfj* = D +X<j)%^k. Higher order methods are 
available and for details see Sethian (1999) or Osher and Fedkiw (2003).
2.4.5 Efficient m ethods
Although the following methods have not been implemented in this thesis, we 
refer to them in the further work section (section 7.2) as possible improvements 
to the method presented in chapter 3. For the sake of completeness we therefore 
include a basic description of two more efficient methods.
Narrow Band M ethod
An inefficiency of the level set method is that the values of (f> are stored and 
updated at all points of the grid, when the only interest (in our application) is 
in the position of the zero level set. An alternative is to concentrate on a band 
of cells around the interface, an approach known as the Narrow Band Method 
(Chopp, 1993). In the narrow band method, the only entries to be updated are 
those in a narrow band around the interface. Once the interface reaches the edge 
of the band, the signed distance function is re-calculated, the narrow band is re­
formed around the updated position of the interface and the problem is solved 
until the interface hits the edge of the band again and so on. Hence, a balance is 
struck between saving time by updating only a small number of elements and the 
cost of re-calculating the signed distance function. The most obvious advantage 
of the narrow band method is the increased speed, but there are also more subtle 
benefits. For example, in the case of the standard level set method, with non­
constant speed functions, the CFL condition (definition 7) must be applied for
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the maximum v over the entire grid. However, with the narrow band technique 
this restriction is relaxed and the maximum v in the band determines the CFL 
condition.
The Fast Marching M ethod
The Fast Marching Method refers to an efficient algorithm that is used to solve 
a variation of the level set equation. This type of method was first presented 
in a pair of papers- Tsitsiklis (1994) and Tsitsiklis (1995) and was subsequently 
implemented by the level set community (Sethian, 1996). The fast marching 
method computes the arrival time T(x, y)  of the interface as it passes over each 
point in the grid. To stop T(x, y)  being a multivalued function we impose the 
condition that the interface can neither change the direction in which it is moving 
nor remain in the same place, so that the velocity v is either strictly positive or 
strictly negative.
The equation for the arrival function is simply given by
|V Z >  =  1, (2.51)
subject to the boundary condition that T  =  0 on the interface. This formulation 
has two benefits: firstly, it is not subjected to the CFL condition (because there 
is no time step) and secondly, it can be solved in an efficient and systematic 
manner. The idea is that grid points can be classified as either being known, 
trial or far. The known points have values of T  that are accepted, trial points 
form a band of points adjacent to the known points and the remaining grid 
points are far. The method works by using efficient heap data structures to find 
the trial point with the minimum value of T, which we call Tnu n .  T m i n  can then 
be added to the known values and removed from trial, because its value can not 
depend on any point with a larger value of T, due to wpwinding. This reasoning 
also means that it is never necessary to revisit an accepted value. Neighbours of 
Tmin that are in far  are moved to trial. All trial neighbours of T^n  have their T
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values recalculated by solving the following quadratic equation
[ m a x ^ T ,  - D $ T ,  0)2 +  max(D;«T, - D f t T ,  0)2] * =  2 - .  (2.52)
vj,k
The left hand side of equation (2.52) is a numerical Hamiltonian that in this 
case is more convenient to the one used in the level set method (Sethian, 1999). 
The process is then repeated by finding the next value of Thun-
The efficiency and construction of the fast marching method means that it is 
often used in conjunction with the narrow band method to reinitialise the signed 
distance function.
2.4.6 Interesting applications o f the level set m ethod
Level set methods have been used in a vast number of applications including im­
age processing (Malladi and Sethian, 1995), crystal growth (Russo and Smereka, 
2000) and optimisation problems (Osher and Santosa, 2001). In fact we are not 
the first people to apply level set methods in a geological setting: they have been 
used to model the flow of lava from a volcano (Bourgouin et al., 2006) and also 
to seismic imaging problems (Cameron et al., 2006).
Crystal growth
We now highlight the application of the level set method to model faceted crystal 
growth as this construction is linked with the geometry of kink banding. If 
one takes an idealised geometry of a kink band layer and propagates it in its 
normal direction, according to the Entropy condition, the salient corners become 
rounded and a rarefaction fan forms (see figure 2-9(a) and section 3.4.3). In this 
case the entropy condition does not yield the observed solution (figure 2-9(b)) 
and a different approach is required. One such procedure is described by Russo 
and Smereka (2000), in which a tangential velocity is added to the motion. The 
extra velocity is tangent to the facets, the planes that make up the boundary of 
the crystal, and has the effect of modifying the interface’s normal velocity when
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it is not aligned along a facet.
\ \
(a)
Figure 2-9: The propagation of a kink (a) a rarefaction fan forms according to 
the Entropy condition (b) the desired geometry.
Whilst this approach is of interest we have not included it in our geological 
folding model presented in this thesis. This is because the focus of the modelling 
is on parallel folding rather than kink banding.
2.5 Concluding remarks
The literature review has considered the development of different folding models. 
The alternative to the elastic models seen in chapter 1 are the viscous models, 
pioneered by Biot in the 1960’s. However, there is enough doubt in the conditions 
in which rocks buckle for us to consider again the earlier elastic models; especially 
since the wavelengths given by viscous models can often disagree with those seen 
in reality.
A difficulty with modelling parallel folding of multilayered rocks is account­
ing for the fact that neighbouring layers will generally have differing geometries. 
In the second part of the literature review, we have motivated the idea of propa­
gating a single central reference layer to find the geometry of all the other layers. 
The method that is best suited for this purpose is the level set method.
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Chapter 3 
G eom etry of parallel folding
3.1 Introduction
Deformation patterns of multilayered materials under compression are strongly 
influenced by the way that the layers interact and slide over each other, and 
hence are different from the folding patterns of homogeneous materials. Mul­
tilayered folding arises naturally when layered materials are compressed in a 
direction parallel to the orientation of the layers when they are embedded in a 
medium which allows them to slide over each other, but not to separate. A very 
important example of such folding arises in geological systems under tectonic 
compression, particularly the buckling of layered sedimentary materials into a 
foundation (matrix). It also arises in the compression of layers of paper (as we 
shall see in the experiments of chapter 5) and of certain types of composite ma­
terial. However, in all cases of folding the geometry is strongly governed by the 
constraints of the multilayered formation. A particularly interesting example 
of this is the natural formation of singularities. In such circumstances the pat­
tern of the folding arises from a subtle interaction of the geometrical constraints 
imposed by the need for multilayers to fit together in specific patterns and the 
mechanical constraints of bending stiffness of the layers and interlayer friction.
Our main interest in the remainder of this thesis is in parallel folding (folds
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where the orthogonal thickness remain constant - see section 2.2). This oc­
curs when a finite number of layers, loaded in their plane, deform into a softer 
surrounding medium (foundation or matrix) while slipping at their interfaces 
(Edmunds et al., 2006). Parallel folds formed under large overburden pressures 
would be expected to limit voids between the layers (carrying a large energy 
penalisation), and we therefore take the process to be one of buckling in the 
complete absence of voids (Budd et al., 2003; Edmunds et al., 2006).
Recall the photograph of parallel folding shown in figure 1-1. Since the lay­
ers fit together without voids, each layer has a slightly different geometry from 
its neighbour; as a consequence, a singularity can appear on one interface, as 
seen in the figure. Here the layers appear smooth (almost sinusoidal) at the 
bottom of the picture, but as we move towards the top they become increasingly 
constrained by the geometry, until at a particular interface a singularity occurs. 
Past this singularity the layers take a non-differentiable ‘V’ shape, which prop­
agates without change as we move further up; this V shape is seen also in kink 
bands and in chevron folds (see figure 3-1).
«  15m
Figure 3-1: Chevron folding of rocks at Millook Haven, North Cornwall
Here we present a method for describing multilayer parallel folding based 
on the level set approach described in chapter 2. This naturally copes with the 
geometry of smooth parallel folding and also allows a consistent description of the 
geometry associated with singularity formation and kink banding (section 3.3).
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In this chapter we will describe the geometry of multilayer folding, showing 
that this naturally leads to the formation of singularities. We then describe the 
level set method for calculating this geometry, and will discuss its performance 
and errors when singularities are present. Following this, in chapter 4, we will 
make use of the level set method to construct a potential energy function for the 
deformed material. In which, we will only look at such an energy functional in 
the case where no singularities are present as in the latter case additional con­
sideration needs to be made of the energy associated with plastic deformations. 
From this energy functional we will be able to deduce the profile of the deformed 
multilayer material.
3.2 Application of the level set m ethod to mul­
tilayer folding
Before we develop the theory of our method we provide some examples of propa­
gating a reference layer using the level set method. In each case a spline function 
has been fitted to a central layer (thick dashed line) and the resulting curve prop­
agated in the normal direction.
E xam ple  1 : Geological parallel folding.
The first parallel folding example was shown earlier in the comparison of 
figures 1-1 & 2-8. We reiterate that all of the important geometrical features 
of the layers are resolved, including the cusp and singularity formation as we 
propagate in the upward direction and the simple geometry in the downward 
direction.
A further geological parallel folding example is given in figure 3-2. Again 
we see that the geometry of the rock layers is closely matched by propagating a 
reference layer.
Perhaps a slightly more interesting example of the method applied to geolog­
ical parallel folding is pictured in figure 3-3, which shows a parasitic fold formed
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Figure 3-2: Parallel folding of limestone with dimensions 12 m x 9 m. (After 
Fletcher (1978)). In this case the thick white line is the reference layer.
in the hinge region of the larger-scale multilayer buckle. In this case the geome­
try of the multilayer buckle is well matched, but the parasitic fold is completely 
missed by the method. This small-scale fold only develops in the inner layers of 
the multilayer hinge and hence its geometry is not part of the reference (central) 
layer. However, we can see from the figure that the onset of the parasitic fold oc­
curs near the point at which the method predicts a singularity. We suppose that 
the parasitic fold forms as a direct consequence of the singularity; if propagated 
in its normal direction the geometry would force the material to pass through 
itself or to lose length (see section 3.3.3).
Exam ple 2 : Parallel folding in layers of paper.
A series of experiments showing parallel folding in layers of paper have been 
undertaken (see chapter 5 for details). Figure 3-4 shows a serial parallel fold 
produced by a typical experiment. If we zoom in on the folded region of such an 
experiment and apply the level set procedure then there is excellent agreement 
as shown in figure 3-5. It is clear that the geometry of the whole multilayer can 
be determined by the geometry of a single layer.
Exam ple 3: Geological chevron folding.
Finally, the method is applied to an example of geological chevron folding. 
In this case the method picks out the observed geometry of the rocks in one 
direction, but not the other. For a reentrant corner the entropy condition keeps
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Figure 3-3: Parallel folding featuring a parasitic fold in the hinge region. Treard- 
dur Bay, Anglesey, N. Wales. (After Price and Cosgrove (1990)). Here the thicker 
dashed line is the reference layer.
J22 mm
Figure 3-4: Parallel folding of 220 sheets of paper into foam. Here the black 
lines are for identification.
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Figure 3-5: Shows good agreement between the experimental output and the 
level set curves shown as dashed lines. The thicker dashed line is the reference 
layer.
the corners sharp and the level set method closely approximates the geometry of 
the multilayer. Conversely, with a salient corner the entropy condition dictates 
that a rarefaction fan should form, which differs with reality. For a potential 
way of modelling the geometry in this case see section 2.4.6.
Figure 3-6: Chevron folding near Agios Pavlos, Crete. (After Couteau). The 
agreement is direction dependent; reentrant corners are closely approximated by 
the method, salient corners are not.
To apply this (essentially geometrical) method to find the actual form of 
the deformed material requires information only about the shape of a single 
reference layer. The level set method then gives the position of all the others 
and encodes all of the information of the geometry in terms of To
determine the shape of the reference layer requires additional calculations of the
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mechanical behaviour of the system. In particular, finding the bending energy of 
the individual layers, the work done by friction and the work done in compressing 
the overall foundation into which the rock layers are embedded and this forms the 
basis of chapter 4. The combined energy terms provide a total potential energy 
function for the whole system of the deformed layers, which when coupled to the 
geometrical description of the layers given by the level set method contains a 
significant (stiffening) nonlinearity. We then look for states which are stationary 
points of this energy functional. As the energy can be expressed in terms of the 
single function <f) this calculation is relatively straightforward.
3.3 The Lagrangian representation of multilayer 
folding
We now consider the basic process involved in the folding of multilayer materials 
in general and rocks in particular. We will then use a Lagrangian approach to 
describe the geometry of the patterns that can be observed. A natural conse­
quence of this approach is the demonstration that singular behaviour arises very 
naturally in the folding of such materials.
3.3.1 The basic folding process
Sedimentary rocks can be formed under the seabed as loose particles (sediments), 
layed down layer upon layer, and forced together by the overburden pressure, 
caused by the material lying above. This process forms horizontal layers, which 
fold when tectonic plate movement produces an axial load (figure 3-7). In this 
figure we see identical layers of length L and width A t, under an overburden 
pressure q, undergoing an end-shortening due to the compressive load.
Consider a layered material to be characterised by the position of each layer. 
We can then consider curves T*, indexed by t, which describe the interface be­
tween layers. To describe such a layered material let the upper surface of top
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Figure 3-7: The assumed geometry showing the compressive force P  and the 
overburden pressure q. Note that the angle of the layers with the horizontal at 
the endpoints is assumed to be zero.
layer be described by the curve and the lower surface of the bottom layer 
by the curve r_„A< with the interfaces between the other layers described by 
the curves r,At, — n < i < n. In parallel folding we consider a situation where 
the layers are always in contact (so that Ti^t is well defined) and for which the 
curves I\a< are separated by a constant normal distance At.  The geometry of 
a set of curves with parallel folding can then be described by taking a reference 
curve (without loss of generality r0) and propagating this curve in a normal 
direction a distance iAt  to give the curve I\ai- Generally, the shape of will 
differ from To (although the chevron folding phenomenon of figure 3-1 gives an 
example where an identical family of curves can coexist). In particular, an ini­
tially smooth curve To may give rise to curves Tia* with singularities and sharp 
corners, as seen in figure 1-1.
3.3.2 T he Lagrangian R epresentation  o f parallel folding
We now give a Lagrangian calculation of the process of parallel folding and show 
that the length of the interface is conserved, provided a) the surface remains 
smooth (ie. no singularities develop); and b) that the angle of the interface with 
the horizontal is the same at either end.
To describe the folding process in a Lagrangian frame we describe the set of
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curves parametrically via the functions T* : IR? —> IR? so that
Tt = {(x(s ,t ) ,y (s , t ))  : s € [0, 1]}.
The parallel folding assumption is that the normal separation between two 
curves parameterised by t = t\ and t = t2 is given by |^  — ^i| and does not 
depend on s. This assumption leads to a simple construction of the entire set 
of curves for all t, given a reference curve for t =  0. The exact position of Ti&t 
at time t may be constructed by advancing each point of To in its unit normal 
direction, n ,  a distance t =  iA t  (Sethian, 1999) (figure 3-8) where
- -  (3.1)
Here the suffix 0 refers to the reference curve.
y
x
Figure 3-8: A smooth curve propagating with unit speed.
It follows from standard analysis that for each fixed t = iA t  the Lagrangian 
description of takes the form (Sethian, 1999)
r«= (x ( s , t ) , t f ( s , t ) )  ( ((l0)a +  ( y o ) 2 ) l  + X  ( i ) , ( ( * 0 ) 2  +  ( „ 0 ) J ) l  + y  W
Equation (3.2) is valid for all t =  zA£, although the resulting curve may have 
points of singularity characterised by a lack of a well-defined normal vector.
To find xs(s, t )  and ys(s, t )  we differentiate equation (3.2) with respect to s to 
obtain:
, -((*!) +(y?) )2y«< + y?<(2((*2) +(»?) ) 2(2^x?s + 2y°y°,)) 0
<) =  ---------------------------------------------- ,  o \ 3 , f  0 \ 2 ----------------------------------------------- +  X *(*;)2 + (y . r
(3 .3 )
and
, ^ ((*!)*+ (»?)a) i* ! .* - ^ ( i ( ( » ! ) J + (»?)a)-h2*;*!. + 2yJyS1)) , 0
M )2 + W )2 + y s '
(3 .4 )
These expressions can be simplified by considering the curvature k given by
^SS'X'S ®ss l
(®2 +  »?)’
K ( s , t ) = y" x‘ (3.5)
so that
(x9(s, t ) , ys(s , *)) =  (x°, y°)( 1 -  k(s,  0)t) (3.6)
where /c(s,0) is the curvature of the reference curve at the parameter value s. 
We make the significant observation that this vector vanishes (and hence we can 
not define a normal vector) when t = 1 / k ( s , 0 )  which is the radius of curvature 
of the reference curve at this point. By moving forward t and then backwards 
by the same amount, it is immediately clear that
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Figure 3-9: Propagation of a parabolic reference curve r 0 showing the formation 
of the swallow-tail singularity.
Note that the curvature K,(s,t) becomes infinite at the first value of 2, which 
occurs on the normal through the point on the reference curve with the smallest 
radius of curvature. If k(s,0) is negative then the curve Tt has a well defined 
normal for all positive t. However, if /c(.s,0) is positive, then there will be a first 
value of
t = T  = min(l//c(s, 0)),
at which the normal vector first vanishes. The value of T  gives the maximum 
width of the layers before a singularity occurs. For t > T  the curve T* is multi­
valued and has a swallow-tail singularity, with points of infinite curvature. This 
situation is illustrated in figure 3-9 where we take a parabola to be the reference 
curve.
As the layers are assumed to be incompressible in their local tangent direc­
tion, it follows that the arc length of each individual layer must remain constant. 
This imposes a constraint on the allowable deformations. To consider the effects 
of this constraint we calculate the arc length. Suppose that dlt is the infinitesimal 
arc length on the curve Tt . If the total arc length of T* is /*, then
h =  f  dlt = f  ^ f d s .
Jr t Jrt as
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Now
=  \/®2(s >i) +  S/?(M) =  \ / ( l  =  |1 -  i/c (s ,0 ) |^ j.
Two cases then arise, either t < T  in which case 1 — £/c(s, 0) has a constant sign 
over the length of T*; or it changes sign at certain points along the curve. If 6(s, t) 
is the angle of the curve I \  at the point (x (s ,t) ,y (s ,t)) , then tan(0) =  d y /d x  
and
d6
K ~ d i
Thus, if t < T  we have
h = J  ^ d s  = J  (1 -  tK ( s ) ) ^ jd s  = l0 -  t J  ~ ^ d s  =  l0 -  t [^(5,0)]J^J .
We arrive at the result:
Theorem  1. Whilst equation (3.2) holds and t < T  total arc length of T* is 
given by:
/, =  /o-<[ff(s,0)]SS- (3.9)
Corollary 1. I f t  < T  and [0(s,O)]^q =  0, the total arc length of each curve T* 
remains constant.
l i t  > T  then the normal ceases to exist, and the direction of dl/ds(t)  changes 
sign at certain points so that |1—£/c(.s, 0)| changes from 1—tK,(s, 0) to —1 -Hk(s, 0). 
The above reasoning breaks down, and there is no guarantee that the total arc 
length is preserved.
3.3.3 Singularities
If t > T  the curve Tt has a singularity resulting in a self-intersecting curve with 
infinite curvature. We now explore what happens as t —* T~.  To study this
(3.8)
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situation we consider what happens when a parabola is propagated forward at 
a constant speed. We take a reference curve To defined for s 6 [0,1] by
x(s, 0) =  s — 1/ 2 , and y (s ,0) =
Li
where K  is a constant. If we set 5  =  (s — 1/2) then the unit normal n is given
i>y
" = ( KS 1 \
\  y/1 +  K 2S 2’ V l +  K 2S 2)
and hence
/ c n n  ( c  K S t  K S 2 * V(x(S , t ) ,y (S , t ) )  = S  ---- ---- — ---- 1---- . ■ ) .
V V J y n  \  y/l + K 2S 2 2 V I + K 2S 2)
A plot of the resulting set of curves was given in figure 3-9, where the self- 
intersecting nature of the curve is clear. The radius of curvature of the reference 
curve To takes its smallest value of 1 / K  when 5  =  0 and we deduce that the 
singularity occurs when t = T  =  1 / K.  If t > \ / K  then the curve self-intersects 
when
{x(S,t ) ,y (S,t ))  = ( x ( - S , t ) , y ( - S , t ) )  =  (0 ,y ), 
which occurs when
K t 2 1
5  =  0 2 -  1 / * 2 and r  =  —  +  — .
At the point of self-intersection the curve Tt has a locally V-shaped form. The 
gradient of the curve is given by dy/  dx — ys/ x s. Substituting K 2S 2 =  K 2t2 — 1 
into the expressions for ys and x s we have that at the point of self-intersection
^ -  = ± K s / t 2 - l / K i , if t >  XjK. (3.10)
dx
To examine the form of the curves as we approach the singular point we set
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t = l / K  — 6 and let S  and 8 > 0 be small. To leading order we then have
x =
K 2 S'3
S K S  + ^ - f -  + 0 ( S \ S S 3) and
1 c
v = ------8 +y K 8~ ^ r ~ +  ^ i r 54 +  ° ^ 6’ s s i '>-
It follows that
1 o Efl/3
V = J  +  —g— (2x)4 3^ +  0 ( x 2) if 5 =  0,
y = l ( ~ 6 + Y5 + 0 (x i )  if 0 < l 5 < 1 -
It follows immediately that when x =  0 we have
g - i
This calculation is especially significant in the context of the calculation of the 
mechanics of buckling that we will consider in chapter 4. In particular, the 
bending energy associated with a buckled layer is proportional to the integral 
of the square of the second derivative, which we show in chapter 4 approaches 
infinity as 8 —► 0. As a consequence, the bending energy is a strongly nonlinear 
function of the displacement of the reference layer, and this has a significant 
effect on the resulting buckling profiles.
It is difficult to know exactly what happens to the rock layers physically as 
a singularity is approached and possibly transgressed. However, the assumed 
geometry forces this to happen and a comparison of figure 1-1 and figure 3-9 
shows clear similarities. What is clear, however, is that the rocks do not pass 
through themselves. Indeed, what seems to occur is that either a secondary fold 
forms (see figure 3-3) or the rock layers of figure 2-8 (shown as a dashed line) 
take the geometry of the non self-intersecting part of the curve. Hence, to fully 
realise the possible geometries that a rock layer can have, we are motivated to 
look at a construction method which is different from the Lagrangian approach 
(which leads to the self-intersecting curves) and which allows us naturally to 
resolve, and pass through, the singularity, allowing a natural description of the
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non self-intersecting part of the curves when t > 1 where appropriate. As we saw 
in chapter 2, such a procedure is given by the level set method, which relies on 
an Eulerian representation of the set of layered surfaces and a weak formulation 
of the equation of propagation of the layers. The entropy condition overcomes 
the problems with self-intersection by ‘deleting’ the self-intersecting part of the 
curve, which causes the loss in length.
3.4 The Eulerian Representation of multilayer 
folding
3.4.1 The level set m ethod
In contrast to the previous description of layer propagation using Lagrangian 
coordinates, the Eulerian representation aims to find the (x,y)  equation of the 
curves T i n  particular thinking of t as a continuous variable and looking at 
the differential equations governing the propagation of T as a function of t.
Accordingly, for a general t we set
Tt =  { (z ,2/) : y =  w(x,t)}.
We suppose further that each set Vt occupies a part of a bounded, rectangular 
domain H in R 2 extending from the left boundary of 1) to the right and separating 
H into two regions, ft- , the region ‘inside’ the boundary and the region above 
the interface, ft+, the region ‘outside’ the boundary.
We next assume that Tt is a level set of a higher dimensional function <j)(x, y, t) 
so that
y = w(x, t)  iff <j)(x,y,t) =  0.
The evolution of the function (f> with t can then be linked to the propagation of 
the interfaces IV This is the essence of the level set method (LSM). References to
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the level set method, and in particular its application to the calculation of various 
free surface problems in fluid mechanics, include Osher and Sethian (1988), Osher 
and Fedkiw (2003) and Sethian (1999).
y
x
Figure 3-10: The domain fI.
To apply the level set method, we first find (j) by solving an appropriate partial 
differential equation, and then determine its contours.
As an example of the use of the LSM, consider the function
<f){x, y, t) =  x 2 +  y2 -  (1 +  t )2.
Then for fixed t the (x,y)  curve satisfying the level set equation
r t = {{x ,y ) : = 0}
is a circle of radius 1 + 1. The family of such level sets precisely describes the 
evolution of an initial circle propagating at a constant speed v =  1 in a direction 
normal to each curve. Figure 3-11 shows how the function <f) above evolves with 
t.
We now return to the general case and derive the partial differential equation 
satisfied by the function <j)(x,y,t). Following the formulation of Sethian (1999), 
let x(£) =  (x( t ), y(t)) be a point on the curve Tt = {(a:, y) : y =  w(x , £)}. Starting
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tInitial (reference) curve
Figure 3-11: The propagation of a circle in the normal direction by considering 
a higher dimensional function <f)(x,y,t). (After Sethian (1999))
from the identity (j>(x,y,t) =  0 , it follows from the chain rule that,
4)t +  V<j)(x(t),t) • x'(t) = 0, (3.11)
where V 0 is defined to be (^ >r ,^ y) and x'(£) is defined to be (xt,yt). If v(x,y)
is the speed in the normal direction, then x'(t) • n =  u, where the unit normal
n is given b y n  =  V<^/|V<^|. It follows that 0 satisfies the following hyperbolic 
partial differential equation of Hamilton-Jacobi type (the level set equation).
<j>t +  u|V<£| =  0. (3.12)
Solving this equation for <j>(x,y,t) together with a prescribed initial function 
<f>(x, y , 0) determines the curves T* =  {(x,y)  \ <j)(x, y, t ) =  0} and the exterior and 
interior regions are respectively:
f i t  = { ( x >y) I > °}>
toT =  { ( x , y j  I <f>ix ^ y ^ )  <  o}- (3-13)
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D efinition  9. Signed distance function
Often the signed distance function is a good choice for the level set function 
<f>. A distance function d(x) of a point x £ fi is defined as
d(x) =  min(|x — x/|) for all X /E r 0 (3.14)
where To is the interface, implying that points on the boundary have distance
d(xi) =  0. Signed distance functions have the additional property that points 
‘inside’ the interface are assigned negative distances and that points ‘outside’ 
are assigned positive distances. A signed distance function <j>(x) is then defined 
as
^(x) =  M x> ( 3 . 1 5 )
1 d(x) otherwise.
In the level set formulation, the condition for parallel folding is that the 
speed function, v(x,y)  should be constant. However, we note that it would be 
straightforward to include other forms for the function v to allow, for example, for 
situations in which the rocks can compress laterally (Wadee et al., 2004). Other 
examples of speed functions include the cases where v depends on the curvature 
k (which arises in flame front propagation (Rhee et al., 1995)) and where it 
depends on |V<^ >| (which arises in electro-machining). With this formulation the 
important properties of the geometry of the layers of rock, such as the normal to 
a layer n or the curvature k and the angle between the tangent and the horizontal 
9 can be easily calculated in terms of (f> (see lemma 1).
3.4.2 Numerical implementation  
In itia lisa tio n
Initialisation is the process of finding the initial level set function (f>(x,y,t =  0). 
To apply the level set method to the parallel folding photograph (figure 2-8) the
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following steps were taken:
1. Fit a cubic spline through a central layer with the MATLAB routine 
g inpu t to trace and record a set of points on the photograph. The routine 
sp lin e  was then used to fit a cubic spline though these points.
2. Set up grid by dividing the width and height of the photograph into a set 
of regularly spaced points.
3. Extend spline to the edge of the grid by checking end points to calculate 
where on the grid boundary the linearly extrapolated spline crosses. This 
defines the reference curve To.
4. Calculate distance function by visiting every grid point and finding the 
distance to the reference curve.
5. Calculate signed distance function with an application of the MATLAB 
routine inpolygon to the following points: the last point on the reference 
curve, every corner of the grid encountered as we travel in a clockwise 
direction around the grid boundary from the last point on the reference 
curve until the first point on the reference curve is reached and finally every 
point on the reference curve.
U pdate
To update the function <f> and hence to propagate the interface using the level 
set method we calculate the whole function <j) using a time-stepping method. 
Assuming that we have a good approximation to <j)(x, y , t ) for some time t =  iA t  
we then use a numerical method to find an approximation to the solution <f) of 
(3.12) for the time level t =  (i +  1)A t. A second numerical method is then 
used to locate the zero contour of <f)(x,y,(i +  l)Atf) to find an approximation 
to r(i+1)Ai- The algorithm we use for implementing this strategy is as described 
in Osher and Sethian (1988). To implement this we consider an approximation 
to the function (j>(x,y,t) at the point (x , y , t ) = (j h , k h , i A t ). Here h and
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A t  are small and constant. An explicit discretisation of (3.12) for a constant v 
takes the form
= $ lk . — A t [max(u,0)V+ + min(i>, 0)V“] (3.16)
where
V+ = [max(i)fc- J , 0)2 +  min(£>+J,0)2 +
m ax t^ -j.O )2 +  m in p + j.O )2]1/ 2 (3.17)
V - =  [max(Z)+j,0)2 +  min(I>t- j , 0)2 +
m ax fD jj, 0)2 +  min(Dj~j, O)2]1^ 2. (3.18)
In the above the terms D are a shorthand for the difference operators as 
seen earlier in section 2.4.1. Local errors in this scheme are of 0(h ,  At).  The
level set method as implemented is stable provided that the CFL condition is
met (Courant et al., 1928). In the rock layer propagation example the CFL 
condition often dictated that we chose a time step that was smaller than the 
rock layer thickness. To get a close visual match we plotted every m  layers, so 
that m A t  was approximately equal to the layer thickness.
M easu rem en t
The position of the zero level set is only defined implicitly via the function (f). 
The MATLAB contour routine can be used to plot the zero level set and the 
routine contourc can be used to find points along this curve.
E rro rs
There are three sources of error when numerically solving the level set equation 
(Sethian, 1999). These are directly linked to the three steps outlined above. 
Initialisation error which is error obtained when finding the signed distance
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function on a discrete mesh from an initial curve, the Update error which is 
error in finding an approximation to 4>(x,y,(n +  l)A t) given </>(x,y,nAt) and 
the Measurement error which is the error associated with finding the position of 
the zero level set. Note that in order to calculate 4>n+1 we must calculate at 
all spatial points, not just those close to the interface (see section 2.4.5).
3.4.3 Singularities found in rock folding
We conclude this section by looking at some examples in which we explore the 
applications and limitations of the LSM for calculating the geometry of certain 
problems given a known reference layer r 0.
E xam ples w ith  re e n tra n t corners
E xam ple  1 As a first, quantitative calculation, which has a close link to a 
rock folding problem, which we will consider further in chapter 4, we consider a 
reference curve given by
To =  {(x, t/) : x = s ,y  = cos(27rs)}, 0 < s < 1.
To apply the level set method we take an initial function
<f>(x,y, 0) =  y — cos(27rx).
This is not a signed distance function, meaning that gradients are steeper and 
therefore harder to approximate accurately numerically, but it does give an accu­
rate and easy to implement initial zero level set. We now compute the resulting 
layers Tt and compare these with the solutions predicted by the Lagrangian for­
mulation. Using this, the exact parametric equation of the layer at the time t is 
given by
27rsin(27rs)t . t
x = s -1----  , y =  c o s (27t s ) H----  . ■ - .
y / l  -)- A i r 2 s in 2(27rs) y / l  -f 47r2 sin (27rs)
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The curvature of the reference curve takes its maximum value of 47r2 at the point 
s = 1/2 and hence a singularity occurs when t =  1/47r2, x =  1/2, y = — 1 + 1/ 47T2. 
A close-up of the singularity of the exact (multi-valued) solution arising from the 
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Figure 3-12: Close-up of a propagation of a cosine wave using (a) using the 
Lagrangian method, showing the self-intersecting curves (b) using the level set 
method, showing the local V-shaped nature of the curves.
We now compare the Lagrangian solution with that derived by using the level 
set method. A calculation using the method for h = 0.01 and At  =  0.005 is 
presented in figure 3-12(b) (here the corresponding close-up of the singularity is 
shown).
Observe, that in contrast to the Lagrangian description, the level set method 
has deleted the self-intersecting part of the curves, and the resulting curves have 
an apparent gradient discontinuity at the centre. The local V-shaped nature of 
these curves is very similar to that of the layers in the chevron folding pattern 
illustrated in figure 3-1. Indeed, if we take To to be the V-shaped curve
To =  {(x,y) : x = s ,y  = \ s -  1/ 2 |},
then the resulting calculation of the layers Tt using the level set method is given 
in figure 3-13(a) and a close-up in figure 3-13(b). We see that the level set 
method has successfully coped with the gradient singularity, reproducing the 
self-replicating feature of parallel folding in this case where all layers have 
exactly the same shape and the same arc length. We note that in figure 3-13(b)
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Figure 3-13: (a) Propagation of a V-shaped curve with the level set method (b) 
Close-up of the propagation of the V-shaped using the level set method, showing 
the local error at the singularity
As a further measure of the accuracy of the calculation of the propagating cosine 
reference curve To = {(^,2/) : x = s,y  = cos(27rs)} 0 <  5 <  1, we plot the 
total arc length of the resulting curves. The choice of reference curve ensures 
that [0t] = 0. Hence, from theorem 1, the total arc length of the curve T* 
stays constant up to the point of singularity formation when t = 1/ 47T2. For 
larger values of t the curve self-intersects and the total arc length of the curve, 
omitting the self-intersecting part, decreases until a steady state is reached. This 
arc length can be calculated exactly. If s = s* is the parameter value on the 
reference curve for which the normal intersects with the line x = 1/2 then
_  (1/2 — s*) \ ]  1 +  47t2 sin2(27r.s*)
27r sin(27rs*)
As the normal to the reference curve is also normal to Tt the angle 6 is given by 
6 = tan-1(—27r sin 27rs). The arc length l(t) is then given by theorem 1 as
7(t) =  2 I  y / l  + 47r2 sin2 2irs ds + 2tO. (3.19)
This is a standard elliptic integral and can be evaluated analytically. Simi­
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larly, the arc length of can be found numerically by applying quadrature to 
the sets found by the LSM. The two values are compared in figure 3-14.
4.5
3.5
0 0.2 0.4 0.6 0.8 1.21 1.4
t
Figure 3-14: Change in arc length with t showing the level set method estimate 
(dotted) and the quadrature estimate (solid)
E xam ple  2 . As a second example of an application of the LSM we look at 
a physical problem and reconsider the calculation illustrated in figure 2-8. A 
reference layer To was obtained directly from the photograph by sampling the 
photographed curve at regular points along roughly the middle layer and then 
fitting a spline through the resulting data. The resulting layers propagated 
(through the singularity) by solving the level set equation (3.12). Here we took 
h «  5 and A t  «  2.5, and chose to plot the zero level set at every 15 time steps 
(there are 640 pixels in the horizontal direction). The qualitative agreement 
between the calculations and the observed geometry appears very good, including 
apparently the representation of the singularity and of the rock layers formed 
beyond the singularity.
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Exam ples w ith salient corners
The viscosity solution does not always agree with the observed patterns of folded 
rock. In the chevron folding examples of figures 3-1 and 3-6 the rock layers fold 
in a zig-zag and we see both reentrant and salient corners, each of which has a 
gradient discontinuity. Now consider a reference curve To given by an upside- 
down 4 V’ with interior angle 2a and propagate this in the direction of increasing 
t (see figure 3-15). Instead of propagating such a salient corner without change, 
the entropy condition that is obeyed by the LSM picks out a rarefaction fan of 
solutions in which the curves Tt lose the sharp V-shape and have a circular arc 
at the peak with arc length 2ta,  consistent with theorem 1 .
Figure 3-15: A Salient Corner obeys Huygens’ Principle, forming a Rarefaction 
fan.
The LSM has not in this case given a solution consistent with that observed in 
practice (compare with figure 3-6). To overcome this difficulty with the level set 




The mechanics of folding
4.1 Introduction
Having determined a procedure for finding the overall geometry of the layered 
system from a single reference layer To we now examine how the form of To itself 
can be calculated by using properties of the function (j). This chapter shows how 
we can incorporate mechanical features into the geometrical description given 
by the level set method, allowing us to find the shape of the reference curve. 
The profile of the compressed layered material is determined by the interplay of 
several mechanisms namely the effect of the applied force, the bending properties 
of the layers, the work done into the external medium, the effects of the geometry 
constraints and the frictional forces acting to oppose sliding between the layers. 
These are best described by calculating the total energy V  which is a combination 
of the bending energy, frictional energy and the work done by the external forces. 
Crucially, this total energy, V  can be calculated in terms of the level set function 
depending on To. We can then find the profile of the material by finding 
stationary points of V  with respect to (appropriate) variations in To.
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4.2 Calculating the total energy in terms of 4>
We consider the geometry illustrated in figure 3-7 in which we assume that an 
initially undeformed multilayer material enclosed within a foundation material 
is compressed and buckled by an external load. This load is resisted by the 
stiffness of the layers, the frictional force as the layers slide in contact and the 
resistance of the matrix in which the layers are embedded.
Recall the two layer model of Budd et al. (2003) presented in section 1.6.2, 
where the total potential energy was given by
V  = Ub + Uf - P €  + x Uii (4.1)
and the expressions have the form
"* -  e , £  ( r = y  (42)
UF = \k I w2 d /,  (4 .3 )
2 J o
P£ = p J  ( l -  Vl  -  u>2) dl, (4.4)
=  fiqAt I  |sin- 1(iu)| d/, (4.5)
Jo
where dots denote differentiation with respect to L
To extend this two-layer model to a multilayer formulation we assume as 
before that there are 2n +  1 layers each of thickness A t  and length L and that 
WiAt(z), i =  — n . . .  n is the vertical deflection of the interface between two suc­
cessive layers. In the experiments conducted, each of the layers is compressed
by the load by the same horizontal amount S. The simplest way to ensure this
occurs with the level set formulation is to set ii;(0) =  w(L) = 0.
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The total energy of the multilayer material can then be expressed as
EbA t6 ' s r ^ f w f
^  —  E j ,  r ^ d ' ’ <4-6)
i = — n  ‘
Uf = 5*jfK  + u,-») dl ^
PS  =  P j T Y i -  J E T * )  i l  (4.8)
n—1 »L
Up =  /^A£ / |sin_1(ii>,-)| d/. (4.9)
• „ Jo
where b is the breadth of the layer. It is straightforward to derive these expres­
sions by following the derivations of the two-layer formulation. We make the 
following, clarifying remarks:
1. Each individual layer’s bending energy makes a contribution to the bending 
energy. It is very important to observe that the bending energy has a 
component which varies as the integral of ivf, implying that all layers do 
not make an equal contribution to the bending energy. As we have already 
seen, this term becomes unbounded as we approach a singularity, and the 
expression (4.6) is not defined at this point. For the present we will assume 
that no singularity has formed so that this issue does not arise, and will 
return to consider the singular case.
2. In this expression the external foundation is assumed to obey a Winkler 
force law, with a linear foundation stiffness k. It is the shape of the top 
and bottom layers as they push into the foundation that determine the 
energy stored. Therefore a method that finds the geometry of every layer 
would be expected to model this term more accurately than a method that 
has information only of the deflection of the central layer.
3. The expression for the work done by the load remains unchanged from the 
two-layer case because of the assumption that every layer undergoes the 
same horizontal end-shortening.
4. Friction is only considered to act between layers of the multilayer; friction
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between the foundation and the top and bottom layers is neglected (as is 
any shearing of the foundation).
We can now combine the geometric description of the layers with the me­
chanical description in the previous subsection by expressing V  in terms of the 
single function <j>. Before we reformulate the energy contribution in terms of the 
level set function <^>, it is useful to state a lemma that expresses various terms 
which arise in the energy expression in terms of </>.
L em m a 1 . (a) The derivatives of x and y with respect to I are as follows:
dx _  ^ _  (f)y dy _ . _ <f)x
~ m ~ x ~  jv^f’ ~ y  ~ ~ \ v $ \
(b) The curvature k can be expressed as
k = V <2>(f>y4>x(t)x y  “ I"  f i y y ^ x
(41 + 41)
(4.11)
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(b) Now apply the chain rule again to find the second derivative,
d2y ~4y4>xx +  <2‘4x4y(t>xy ~~ ^x^VV (4.13)
dx2 <j)y
The result follows by substitution into equation (1.16). □
We now use these expressions to reformulate the various components of the en­
ergy contributions (equations (4.6) to (4.9)) in terms <^(x,y,£) where, to simplify
the expression we set
4>l =  4{x i 2/, i&t) where <f>'{x -> wtA*(x)).
T h eo rem  2 . In the case of a nonsingular deformation the energy terms are 
given by
j j m h -24 t ' J J n  V IW‘
2
n —1
( i ^ j
|V<^ *| dy dx, (4.14)
’ li/in] dydz, (4.15)
+  <f>l) dy Ax, (4.16)
\V<t>'y\Ay dz. (4.17)
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The delta function is included in equations (4.14)-(4.17) so that it is the position 
of the zero level set, 1^ * , that makes the contributions to the energy and not 
the part of <j) defined over the rest of H. To determine V  from this expression 
the delta function would have to be numerically approximated and this could 
potentially cause the evaluation of the integrals to be inaccurate. However, 
having located the zero level set of <j> using the contour plotting algorithm and 
given the form of the function (j)l{x,y), a more direct approach can be used. 
To do this we formulate the equations over each zero level set, r,-At to give the 
following result
L em m a 2 . Integrating over each zero level set we have
EbAt3 n
U B  =
24 Jr,A, V IW*'I J  4 i
r r  1, (  f  2IW»L , f  2 |vrnUF=2k{Ly’'^rdx+L j - ^
To
n —1
^  f  I . f  <f> Up =  f iqAt  I sin








^  Hr (4.21)
Proof. We prove both theorem 2 and lemma 2 by considering each of the con­
tributions to the energy in turn.
T h e  bend ing  energy  The total bending energy of the multilayer system is 
given by equation (4.6). Now, recall the expression for the curvature, k , given 
by equation (1.16),
k =  w (l — w2) 2 .
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Therefore, if «,• is the curvature on the curve r,A< then equation (4.6) can be 
written as
E bA t3 n rL
Ub = E  I KtdL (4-22)
„  Jo24 t = —n
Using the expression (4.11) it follows that the bending energy is given by the 
expression
u . ,
i=-nJ024 Jo \  I
24 , S X ,  V ' I W V  ^
T h e  fo undation  energy  By definition the vertical displacement w is the same 
as y such that ) =  0. So that
i t  £ « + « -  i t  ( ^  , : ! ^ U + , ! . E £ !  j . )  .
(4.23)
T h e  w ork done by th e  load We have assumed that each layer undergoes the 
same end-shortening under the axial load P  and therefore the work done by the 
load is the same for one layer as for multiple layers. We arbitrarily choose to 
measure the end-shortening of the reference layer, i =  0
P S  =  p f  ( l  \ dl = P j  (1 - x 1 ) d l
T he w ork done against fric tion  If we substitute (4.10) into (4.9) we obtain
E b A t 3 ^  f  f v , j £ _ Y \ v £ \ d x
i n
the expression
4.2.1 The energy close to a singularity
To refine this calculation we briefly consider the form taken by the bending 
energy close to a singularity where the curve Tt develops an infinite curvature 
when t = T .  In this calculation we will assume that the reference layer To is a 
smooth curve, with maximum curvature of K  > 0 occurring at a minimum point 
where it has a locally parabolic form. As £ —> T  =  1 / K  the maximum curvature 
of the curve increases, and hence the bending energy also increases. To 
determine the asymptotic behaviour of the bending energy we will approximate 
To locally by the parabola y =  K x 2 / 2, with — 1 < x < 1. It then follows from 
the analysis presented in chapter 3 that if t =  \ / K  — 8 with 6 > 0 small, then 
the maximum curvature Kt of the folded layer is given by
A 1
Similarly, if t =  1 / K  then close to the point x =  0 the second derivative of the 
profile of the singular layer is given by
^  =  K 1/3A x~2/3, where A = 21/3/3.
ax2
Note that
I  = K ^ A x - * ' 3 if x = C = A 3' 2K iIH3l2.
S
The function d2y /d x 2 obtained by a numerical differentiation of the Lagrangian 
formulation is illustrated in figure 4-1, where we take K  =  1 and <5 =  0.01. In
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this figure we compare this second derivative both with the function K ll3Ax  2/3 










Figure 4-1: The numerically computed curvature, compared with the asymptotic 
estimate of K 1/3A x ~2/3 (when K  =  1) and the maximum estimate of 1/S. There 
is an excellent match between the asymptotic estimate and the numerically com­
puted curvature as indicated by the arrow.
When <5 is small, it is clear from this figure that we can estimate the function 
d2y /d x 2 close to the point x =  0 by
«  7  if |z| < £ , d2y /d x 2 «  K l^3Ax~2^ 3 if |z| > C. 
dx* o
This estimate allows us to make an asymptotic estimate for the bending energy 
in terms of S. As the dominant contribution to the bending energy occurs close 
to the singular region at x =  0 where dy/dx  is small, we may closely approximate 
the curvature by the second derivative so that in the limit as S —► 0
Hence we have the asymptotic estimate that as t approaches 1 /K  there is a
Close match
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Figure 4-2: The numerically computed integral of (d2y / d x 2)2 plotted as a func­
tion of 6 compared with the asymptotic estimate 8 K 1/2 A3?2/\/6 ,  with K  =  1.
In figure 4-2 we compare a numerically computed integral of the bending 
energy with the asymptotic estimate and see good agreement.
4.2.2 Multilayer deformation for a particular reference 
layer profile
To determine the configuration of the multilayer material we must determine 
the stationary values of the energy functional over all possible configurations of 
the reference layer To. This is difficult in general as To can take many possible 
forms, leading to non-unique solutions. A study of some of these for a two- 
layer material, obtained by approximating To by cubic-splines is described in 
(Hunt et al., 2006). To make progress in the multilayer problem, we will, for the 
present, restrict the class of solutions to those for which the reference deflection 
To has a sinusoidal profile. Of course this is a restrictive class of solutions, 
but an inspection of figure 2-8 shows this to be not unreasonable for certain 
configurations. A fundamental difference between this calculation and earlier 
approaches is that we only make the assumption that the reference layer is a 
sinusoid, but allow other layers to take different profiles. In other calculations
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(see chapter 2) it has been assumed that all of the layers have a sinusoid form. 
This has led to significant underestimates of the total bending energy. Hence, for 
this calculation, we make the approximation (see Edmunds et al. (2006)) that 
To is given in terms of the arc length I by
To = |(® ,y) : V = wQ(l) =  Q cos | , (4.25)
and proceed to calculate the other layer profiles using the LSM. For convenience 
we restrict the calculation to the half-wavelength of total arc length L given by 
taking 0 < I < L. This profile has a local minimum with maximum curvature 
K  given by
Qn2K  =
L 2
To find the wavelength L we minimise the critical load in the usual way (see 
section 1.5.1) to find
f f X )
and that the value of P  is to be determined. For a given value of Q the horizontal 
shortening of the layers is given by
PL
S = L - j  (4.27)
To determine P  numerically we calculate the level set function <f), evaluate the 
energy using the formulae in lemma 1, and then find for which values of Q this 
is stationary. To calculate (j) a computational grid is set up over a rectangle by 
dividing the horizontal region [0, L — S] into M\ — 1 equal intervals of size h 
such that Xj = jh ,  j  = 1, • • • , Mi. A similar division is made of the vertical 
region into M 2 regions of width h so that yk =  kh. The value of h is chosen to be 
consistent with the CFL condition, given that the time-step is determined by the 
layer thickness At. In practice it is often convenient to calculate the level sets 
at more refined intervals than the layers themselves, so we may take a time-step 
A for calculating </> given by A =  A t /m  where m is  a suitable integer. The level
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set problem is then initialised by taking
<t>kj = V k ~ Q  cos with x 3 ~  J  \ J l ~  wo,i & = 0 . (4.28)
The approximate values of (f> are then determined at time intervals of A by using 
the methods outlined in section 3.4 and the level sets T found by using the 
MATLAB contourc function. The integrals (4.18)—(4.21) are evaluated using 
a 16 point Gaussian Quadrature rule at every m  time steps (corresponding to 
each layer), and finally, the variation of the total energy V  with respect to small 
changes in Q is found using central differences.
The linear dependence of the total energy on the (fixed) load P  allows us to find 
P  as a function of the single variable Q without solving nonlinear equations. In 
particular, setting dV/dQ  =  0 we have simply
p  = 9 Ub /9Q  +  9UF/9Q  + x d U J d Q  
dS/dQ
4.2.3 Summary of approach
The aim of the process is to find a P  for a Q that we are free to choose. To 
find P  we consider the energy function V  given in terms of the level set function 
<j>. However, the reference layer, and hence the initial position of the zero level 
set, is determined simply by Q. We then use the level set method to propagate 
this reference layer to find the position of the other layers (each one is given by 
the zero level set at time iAt).  The contribution to the energy of each layer is 
found by first locating the zero level set with contourc and then evaluating the 
integrals (4.18)—(4.21). These contributions are then summed to find the total 
potential energy.
It is dV/dQ  that we wish to find and not V , so the above process is followed 
with small changes in Q to approximate dV/dQ  using central differences. Finally,
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P  follows from equation (4.29).
A plot of the resulting (£, P)  curve in the case of a material with 220 layers 
of width 0.1 mm and with L = 35.9 mm is given in figure 4-3. Here we have 
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Figure 4-3: A plot of axial load against end-shortening, showing that the bending 
energy re-stiffens the system.
Using the previous theory we can understand the qualitative form of this figure. 
If Q is small then each of the terms U b,Uf and £ are locally quadratic functions 
of Q and hence their derivatives vary linearly with Q. However, is a locally 
linear function of Q and its derivative is constant. Thus as Q —j► 0 the load
x d u j d Q  ir  ~  ~  — —> oo
dS/dQ Q
(Budd et al., 2003). In contrast, as Q increases further, so the deflection of the 
layers furthest from the reference layer becomes more nearly singular. As the 
maximum curvature of the reference layer is given by K  =  Q(n/L)2 and the 
half thickness t of the total multilayer is given by t — nAt  it follows from the
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previous subsection, that the bending energy varies as
Ub„ L. . .  ,
In particular, if
Q s =  L2ir2nA t




Hence, as the end-shortening only varies slowly with Q as Q —► Qs we conclude 
from (4.29) that as Q Qs
1
( Q s - Q f 2'
As we have just described, figure 4-3 shows that the level set method captures 
the expected behaviour of the system. However, with this mesh size the load 
does not increase as quickly as would be expected. The reason for this is the 
difficulty of accurately approximating the second derivative near a corner. An 
obvious solution to this problem is to refine the mesh, however, we choose not 
to for two reasons: The first is the increase in computational effort required to 
solve the equations with refined meshes. The second is that in parallel folding 
experiments a singularity is not reached and therefore there will be no self- 
intersection of the curves.
Instead, we choose to make use of equation (3.7) for the evolution of the 
curvature, allowing us to calculate the bending energy. This is the approach 
that has been used in the comparison with experiment in chapter 6 . We stress 
that all other terms are calculated with the level set method and that since we 
have already demonstrated that the level set method gives the correct behaviour, 
there is no additional value in persevering with the method.
Mechanically, the formation of the singularity in the material is equivalent
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to a dramatic re-stiffening of the whole system, seen also in other folding config­
urations such as kink banding (Wadee et al., 2004). Of course we do not see an 
infinite load in practice, and for the rock formations considered in this thesis we 
would expect to see some sort of fracturing or plastic behaviour in this limit, or 
alternatively the formation of multiple or parasitic folds (see figure 3-3).
4.3 Concluding remarks
Chapters 3 and 4 have shown the potential of the level set method when mod­
elling multilayer problems. We began by showing that the geometry of parallel 
folding can be approximated by propagating a reference layer in its normal di­
rection. As a direct consequence of the geometry singularities can appear in 
the outer layers. We have characterised the curvature (and hence the bending 
energy) as a singularity is approached. The geometrical description of the layers 
was then coupled with an energy based mechanical model. In chapter 5 we de­
scribe a set of experiments that are designed so that direct comparison can be 
made to validate the theoretical model. The output of the model enables us to 
compare the wavelength and load against end shortening plots.
Presently, the mechanical model is for parallel folding, although it is antici­




To provide benchmarks against which to test the models, it is often useful to 
compare against simpler but readily quantifiable systems that can be tested 
experimentally, such as constrained and compressed layers of paper.
A set of 20 experiments on different examples of layered samples were con­
ducted in the Department of Civil and Environmental Engineering at Imperial 
College London under the guidance of Dr. Ahmer Wadee. The rig was the same 
that Wadee et al. (2004) and Edmunds et al. (2006) used in their experiments. 
Stacks of m  =  2n +  1 half sheets of A4 paper (105 mm x 297 mm), alternating 
ten white with ten coloured, were placed between soft foam foundations top and 
bottom, as shown in the schematic of figure 5-1.
A vertical overburden pressure q per unit length was introduced via a rigid 
screw device, and a longitudinal axial load P  was then applied at a constant 
(slow) rate from the left via a second motorised load applicator. The applicator 
face had height 20.2 mm for experiments with thin samples (120 or 220 sheets) 
and 50 mm for the thicker ones (320 or 420 sheets). Both lateral and axial loads 
were measured using 100 kN load cells as indicated, and displacement transduc­
ers recorded the corresponding movements. Readings were taken at 1 second 
intervals and recorded by a data logger using the DALITE software package.
This set of experiments is subjected to the same load and displacement con­
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Load applicators: Transducers in
parallel to measure displacem ent
320mm 30mm 120mm
-----------------------------------------------------------------7 7 7 ---------------------------------------- ' ........................................................................................................— ----- 777- ------— — -----------------------------------
Figure 5-1: Schematic of experimental rig. (After Edmunds et al. (2006))
straints as in Edmunds et al. (2006), namely that the rate of axial loading must 
be slow enough to at least quasi-static («  3 —4 x 10-5 ms-1) and the overburden 
pressures must be moderate otherwise kink bands could form instead of parallel 
folds («  0.5 — 2.3kN). Moreover, the foam should be thick enough to stop the 
rigid (outside) boundaries affecting the buckling process. Ramberg (1961), in a 
similar set of experiments suggests that this should at least be the same order 
as the wavelength of the buckle. In view of the uncertainty in the earlier exper­
iments over the stiffening effect of the foundation, and to accommodate thicker 
multilayer samples, foundations top and bottom of twice the thickness of those 
reported in Edmunds et al. (2006) were used (approximately 50 mm top and 
bottom in the present case).
5.1 Some observations
The main characteristics of the experiments can be summarised as follows:
1. In 9 of the 20 experiments delamination (often referred to as internal buck­
ling by geologists) took place. This can occur when the plunger does not 
apply load to all the layers (for example when the multilayer is thicker than 
the plunger height) and only the ‘internal’ layers buckle (see figure 5-2).
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We presume that the effect of internal buckling is to increase the effective 
foundation stiffness and although the remaining observations also hold for 
these experiments, we view this as an additional complication and choose 
to disregard these experiments in the discussion of chapter 6.
P
Figure 5-2: Delamination (internal buckling) of 420 sheets of paper. Also indi­
cated is the loaded end on the left and the reactive end on the right. All the 
following photographs have the loaded end on the left.
2. Initial buckling typically occurred as a single hump at either the loaded 
(plunger) or the unloaded (reactive) end of the rig. It seemed to initiate 
with about equal likelihood at either end (there were 6 at the loaded end 
and 5 at the unloaded end).
3. After the initial instability there were significant differences in the post- 
buckling behaviour. A fold forming at the loaded end tended to deform 
locally without spreading along the length, see figure 5-3a, while one form­
ing at the reactive end would initiate a sequence of so-called serial folds 
(Hunt et al., 2006), as seen in figure 5-4a.
4. Load to corresponding deflection plots for these two instabilities showed 
considerably greater relative drop in load when buckling initiates at the 
loaded, rather than the reactive end, as seen when comparing figure 5-3b 
with figure 5-4b.
Loaded end Reactive end
122
5. In one case, after an initial instability at the reactive end, rather than a 
serial sequence forming, the next hump formed at the loaded end. This is 
shown in figure 5-5.
Much of this phenomenology seems to be a result of axial friction between 
the layered sample and the foundation (or shearing in the foundation itself, 
which would have much the same effect). Before buckling, the load is clearly 
transmitted through the sample without significant reduction, as evidenced by 
point 2) above. However, after the initial hump forms, this is no longer the case. 
Remembering that load is measured at the point where it is applied, if the buckle 
initiates at the reactive end the load cell will record a combination of load at the 
hump, and friction from the foundation; thus the output of figure 5-4b shows 
evidence of a stick-slip sequence. If the initial instability and consequent drop 
in load themselves are taken as being much the same wherever the buckle forms, 
point 4) above confirms this frictional effect. Moreover, point 5) can supply an 
estimate of its magnitude.
Although friction between layers is accounted for, friction between the layers 
and foundation has yet to be included in the mechanical model. If such friction 
is similarly felt over the length of the initial fold, so that the load at the loaded 
end of the hump is greater than that on the reactive side, this could also account 
for the fact that serial buckling only seems to propagate backwards, as described 
in point 3) above.
It is interesting to note that in contrast to figure 5-3 the output of figure 5-4 is 
more irregular, but the deflection pattern more ordered. This again is considered 
to be the effect of friction. The locking up process of figure 5-3 appears to transfer 
the axial load directly into the foundation, instead of along the sample. This is 
underlined by the fact that the axial and lateral load curves of figure 5-3(b) are 
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Figure 5-3: Experiment 10. First fold forming at the loaded end. (a) Pattern of 
deformation, (b) Axial and lateral loads, plotted against axial end shortening. 
Note that after the buckle has formed both axial and lateral loads both increase 
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Figure 5-4: Experiment 4. First fold forming at the reactive end. (a) Pattern of 
deformation. Here we see cellular buckles form at the reactive end. (b) Axial and 
lateral loads, plotted against axial end shortening. Note the snaking behaviour 















Figure 5-5: Experiment 1. Fold forms first at reactive end (a), and secondly at 
loaded end (b). (c) Axial and lateral loads, plotted against axial end shortening. 
Note the sudden drop in axial load and the slight increase in lateral load that 
occurs when the second fold forms at the loaded end.
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5.2 Typical loading scenarios
Given the experimental observations, we have classified the experiments into 
three buckling scenarios, which we will now describe in turn.
Scenario 1: Thick sample buckles at the loaded end.
Figure 5-6 shows a typical fold developing at the loaded end of the rig. Initially 
a single localised hump forms, the central layer of which can be approximated by 
a sine wave. The formation of the second hump seems to ‘balance’ the system, 
and although eventually we would expect further humps to form, they do not 
with significant amounts of end shortening.
We would expect the theory to agree well with these experiments up until the 
point when multiple humps are formed. When two humps grow simultaneously 
we would expect to double the end shortening for a particular load.
Scenario 2: Thin sample buckling at either end.
The sequence of figure 5-7 is typical of a thin sample buckling from the loaded 
end. The first figure in the sequence shows the initial deformation that is sig­
nificantly different to the thicker sample. The mode shape in this case is asym­
metrical with the material to the right of the fold lower than the left. The 
buckle also appears to be much more like a kink band than the initial deforma­
tion of a thicker sample (compare with figure 5-6). At this point we reiterate 
the point made in section 1.6.2 that the mode shapes iu(s) =  sin(7r.s/L) and 
tu(.s) =  cos(ir s /L)  give equivalent results; however, w(s) =  cos(irs/L) is chosen 
because friction is acting in the same direction along the buckle and computation 
is simplified (see section 1.6.2). Therefore, it is the smoother shape of figure 5-6 
that is more likely to agree with theory.
As we continue through the sequence the amplitude of the buckle does not 
significantly change. Instead, the fold hinge closes-up until the material comes
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Figure 5-6: Experiment 10. The buckling sequence of 420 layers from the loaded 
end. The corresponding load against end shortening graph is shown earlier in 
figure 5-3(b).
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into self-contact, by which tim e the second fold is well developed. This behaviour 
seems to be elasto-plastic and is not presently in the model.
Figure 5-7: Experim ent 3. The buckling sequence of a thin sample with 120 
layers. The buckle forms at the loaded end.
For completeness we include the corresponding graph of load against end- 
shortening (see figure 5-8).
Scenario 3: M ultilayer (cellular) buckles at th e  reactive end.
In the sequence of figure 5-9 we can see a serial fold developing along the m ulti­
layer. Here the am plitude of a hum p undergoes a period of growth until it ‘locks 














Figure 5-8: Experiment 3. A typical graph of axial and lateral loads plotted 
against axial end-shortening when a thin sample buckles.
the next hump in the sequence begins to form before the current hump has fully 
formed. This behaviour is predicted by Hunt et al. (2006).
If it was not for the friction mentioned in section 5.1 we would expect the 
model to match well with these experiments. However, given our hypothesis we 
would then expect the theoretical results to predict lower load levels than those 
seen experimentally.
Again for completeness we add the corresponding load against end-shortening 
plot 5-10. We note the similarities between this figure and the earlier one of 
figure 5-4(b), both exhibiting the snaking behaviour.
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Figure 5-9: Experiment 9. The cellular buckling sequence showing the formation 
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Comparison of the parallel 
folding m odel w ith experim ents
6.1 Introduction
The first part of this chapter describes how we estimate the material properties 
that are required as inputs for the model. In the second part we compare the 
theoretical wavelengths and minimum axial load values using the model given 
in chapter 4 to the experiments described in chapter 5 and find that in some 
circumstances there is good agreement. Where the agreement is questionable, 
explanations are sought.
6.2 Comparison with experim ents
To compare theory with experiment we require independent estimates of E ,q ,fi 
and k , obtained in the following manner.
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6.2.1 Young’s modulus and second moment o f area
Wadee et al. (2004) and Edmunds et al. (2006) used the initial gradient of the 
P — S  graph to estimate the in-line spring stiffness of the paper fciayers (stiffness 
of foundation is a number of orders of magnitude lower and can be neglected). 
Then the effective Young’s modulus is simply
E  =  (6.1)
where b and a are the breadth and length of the layers respectively and T  is the 
total thickness of the sample.
Table 6.1 gives the average Young’s modulus and the overburden pressure 
per unit length that we obtained using this process and compares our findings 
with those presented by Wadee et al. (2004) and Edmunds et al. (2006). It is 
clear that as the overburden drops, so does the effective stiffness of the paper. 
We suspect that at lower values of q we are not really measuring E  due to micro­
effects. Hence, we revert to the literature and use a value of 5 kN /m m 2 for all 
calculations of the bending energy, appropriate for paper with a basis weight of 
80 g/m 2 as used here (Alava and Niskanen, 2006). This figure agrees well with 
compression tests performed with high loads (see table 6 .1).
Paper q (kN/mm) E  (kN/mm2)
Wadee et al. (2004) 0.1 4.28
Edmunds et al. (2006) 0.01 1.45
Present thesis 0.004 0.18
Table 6 .1: Average Young’s modulus E  and the average overburden pressure q 
based on three sets of experiments performed on layers of paper.
The second moment of area for a single layer is given by
6.2.2 Overburden pressure and coefficient of friction
The overburden force per unit length q (often referred to as the overburden 
pressure), of the system is given by the lateral load at the first instability divided 
by the length of a layer a.
To find the coefficient of friction, //, a stack of paper is inclined through an 
angle 7 . The critical angle at which the paper begins to slip, 7 *, then determines 
p, (Wadee, 1999a),
p, = tan 7 * (6-3)
Since we were using the same grade and finish of paper as Wadee (1999a), we 
have assumed a coefficient of fi = 0.57 for our experiments.
6.2.3 Foundation stiffness
A typical feature of energy based models is the difficulty that occurs when trying 
to estimate the effective stiffness of the foundation. This arises due to interac­
tions between foundations lying above and below the multilayer and also the fact 
that there is a pre-compression in the form of the overburden pressure.
To find an estimate for the foundation stiffness k we performed a set of three 
compression tests on the foam (in both loading and unloading). Figure 6-1 shows 
the lateral load against lateral displacement plots of these experiments along with 
the linear approximation that yields our chosen value for the stiffness.
In the experiments the foam and the multilayer are subjected to a pre- 
compression. When the layers deflect the total energy is found by subtracting 
the energy released from one side of the foundation from the energy stored by 
the other side. If the top surface deflects by an amount <$1 into the foundation 
and the bottom surface releases by an amount 62 then,
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Figure 6-1: Lateral compression and decompression tests performed on the foam 
subsequently used in the parallel folding experiments. The dots were recorded 
during the experiments and the solid line is a linear fit. It is apparent that 
there is some hysteresis in the system (the arrows indicate the direction of the 
loading). Note that the lateral load at the point of instability was between 0.5 kN 
and 1.8 kN, a region where we have overestimated the foundation stiffness.
If one follows the reasoning of Edmunds et al. (2006) it is necessary to divide 
the coefficient of the fitted curve kftt by the length a to get the stiffness per unit 
length of the foundation and also to multiply by 4 to account for two effects. 
The first is that the compression tests were on four layers compared to two in the 
paper experiments and the second is because in the foundation tests the foam 
layers were in series but act in parallel in the paper experiments (see later in 
figure 6-2 for a simple model of the deflection into the foundation).




As mentioned in the literature review, it is thought that materials made of foam 
undergo a nonlinear displacement when they are compressed. By considering a 
cellular description of the foam, idealised nonlinear Winkler models can be de­
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rived (Hunt and Wadee, 1998). Edmunds et al. (2006) followed such an approach 
and considered a foundation model with linear and cubic terms. Since the same 
pieces of foam were used in both the experiments of Edmunds et al. (2006) and 
the ones presented in this thesis we feel that it is necessary to justify our use of 
a linear foundation model:
1. An inspection of figure 6-1 shows that a straight line closely approximates 
the data over the majority of the values. For the higher values there 
appears to be a different gradient, suggesting the possibility of a bilinear 
response, rather than a cubic response.
2. Edmunds et al. (2006) conducted their set of experiments with a higher 
level of lateral load, which would have put the point of instability further 
into the stiffened region. Also with single layers of foam, cubic stiffening 
would occur earlier.
3. The justification for dropping the quadratic term is that in the stiffened 
region, the foam is dominated by the cubic term. Furthermore, if only 
the points close to the point of instability are considered then, over such a 
small range, a linear and cubic term closely fit the data. However, there is 
no physical reason for choosing such a polynomial and with a small range 
many different polynomials could be made to fit well.
We will show that the quadratic term has no effect on the energy stored by 
the foundation. However, its inclusion or omission would have an effect on the 
linear and cubic terms. For argument’s sake, assume the lateral load Pl gives 
a response that is initially linearly elastic, followed by a quadratic softening 
nonlinearity and a cubic restiffening nonlinearity. Thus
P l = h A L -  k2A \  +  k3 A 3L (6 .6)
where k\ > k2 > k3 > 0 and A l  is the lateral displacement.
We assume that this cellular model is valid over all deflections seen in the par­
allel folding experiments, including at the load when the first instability occurs. 
Now we account for the differences between the parallel folding experiments and
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the compression test on the foam. When the foam is used as a foundation in 
the parallel folding experiments it is first subjected to an overburden pressure. 
With the level of overburden pressure applied in the experiments it means that 
any deflections of the paper into the foundation occur in the stiffened region of 
the foam’s loading cycle. We set the point when the first instability occurs equal 
to (P£, A£) and shift the origin to this point so that
P l — P l — *i(A l  -  A l) -  k2 (A L -  A l )2 +  k3 (A L -  A l)3. (6.7)
This procedure provides the coefficients for the nonlinear stiffness of the 
foundation. Importantly the cubic coefficient remains unchanged during this 
process. However, for A£ ^  0 the quadratic coefficient does change. We now 
show that due to symmetry the quadratic term has no effect on the total energy 
stored in the foundation. To see this, we simplify the situation and assume that 
the parallel experiments consist of two springs and that under lateral loading Pl 
(figure 6-2(a)) the springs have each compressed a distance Ao (figure 6-2(b)). 
Now let P be an axial load that causes the layers to move into one side of the 
foundation. Without loss of generality assume that the top layer deflects into the 
foundation an amount <$i and the bottom releases an amount S2 (figure 6-2(c)).
When under extra compression £1, the first spring gives a positive energy 
contribution U f + , which is calculated as
/» A o + 6 i
UF+ =  /  (fciA -  k2 A 2 +  k3 A 3) dA. (6.8)
J  A 0
As seen in figure 6-3, in the process of rescaling the origin to the point of the 
first instability we also set Ao =  A*L =  0 and hence
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Figure 6-2: The interaction of two springs acting either side of the layers when: 
(a) unstressed (b) the pre-compression is added causing displacement Ao in each 
spring and (c) deflection in the sample causes one spring to compress by <$i and 
the other to decompress by 6 2 .
Figure 6-3: Schematic of the Pl — A l plot of an idealised nonlinear Winkler 
foundation when increasing and releasing the pre-compression. The figure has 
been re-scaled such that the origin is at a typical load level of a first instability.
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The negative energy contribution U f due to the second spring releasing 62 of 
its pre-compression is given by
UF.  =  f °  (fcjA - h A2 +  h A3) dA = -hs2 -  ^ 6 32 - h s*. (6.10)
J - 6 2  1 8  4
The total energy is found by subtracting the negative energy contribution 
from the positive contribution
UF = UF+ -  UF-  =  | ( ^ 2 +  6 \) -  -  61) +  6 i  +  *24) (6.11)
It is clear that if <$i «  82 the middle term of equation (6.11) is negligible.
Owing to the symmetry, the even powered terms do not make a contribution 
to the energy and we are left with linear and cubic coefficients. When this 
procedure was applied to our compression tests we found a cubic coefficient of 
3.49 x 10~7 (kN/mm4), which is too small to account for the restabilising of the 
load (for moderate Q).
Sum m ary of our approach
We hoped that a linear fit over all the values would be sufficient to provide accu­
rate results. Fitting over all the values enables the model to be more accurate for 
large deflections at the expense of a loss of accuracy at the point of instability (if 
we had just considered that range). Furthermore including points from loading 
and unloading could be seen as averaging out the effect of hysteresis, which is 
an unmodelled effect.
In the next section we compare the 11 experiments with theory for k = 
7.4 kN /m m 2 and find that the wavelength is often underestimated and the min­
imum load overestimated. We know that the foundation stiffness at the point of 
instability determines the wavelength, although we did not know how sensitive 
it would be to the value of k or that there would be a strong correlation between 
its value and the minimum load.
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Therefore we took two approaches. The first was to simply take a linear fit 
over the range of loads that are seen at the point of instability. This yields a 
lower stiffness of 5.9 x 10-4 kN/mm2 (see figure 6-4).
PL = 0.044Al  -  0.035. 
This corresponds to 
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Figure 6-4: A linear fit of the response of the foundation under compression over 
the range of lateral loads seen at the initial instability
The second approach was to see the range of values that the stiffness could 
take. We sampled the curve with ten points and found a range of values for k 
with 5.0 x 10-4 kN/mm2 < k < 3.1 x 10-3 kN/mm2. We argue that by taking 
the lowest value in this range we can ‘reverse engineer1 the value of the stiffness 
to get a close match with the wavelength. Rather unsurprisingly we will see later 
that the lower value of k =  5 x 10-4 kN/mm2 yields a closer match in both the 
wavelength and the minimum load.
6.2.5 W avelength and m inim um  load com parisons
In table 6.2 we present the material constants that are common to all 11 exper­
iments.
Theoretical wavelengths are calculated with equation (4.26) and are presented 
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Table 6.2: Experimental quantities.
of photographs of the folds. Also in table 6.3 are the comparisons between the 
minimum load values Pmin-











p  .1 mm
(kN)
L p  .1 mm
1 120 12 .0019 22.3 0.62 28.8 — 29.1 —
2 120 12 .0037 25.4 0.45 28.8 — 13.4 —
3 120 12 .0057 28.2 0.53 28.8 — 2.1 —
4 220 22 .0034 33.2 0.96 33.5 0.48 0.9 -50
5 220 22 .0078 42.2 0.95 33.5 0.58 -20.6 -39
6 320 32 .0031 40.0 1.16 36.8 0.85 -8.0 -27
7 320 32 .0059 46.4 1.44 36.8 0.97 -20.7 -33
8 320 32 .0019 44.0 0.56 36.8 0.79 -16.4 41
9 420 42 .0028 45.1 1.13 39.4 1.25 -12.6 11
10 420 42 .0018 47.5 0.68 39.4 1.18 -17.1 74
11 420 42 .0058 45.1 1.35 39.4 1.48 -12.6 10
Table 6.3: Comparison of theoretical and experimental wavelengths and the 
percentage error. Also shown are the theoretical and experimental values of the 
minimum load.
In the majority of the experiments there is a good agreement between the 
theoretical and the experimental wavelengths as seen by the relatively low values 
of the percentage error. There appears to be a thickness effect that we are 
missing as we are slightly overestimating the wavelength for thin samples and 
underestimating for thick samples.
We will now discuss the minimum load estimates in terms of the three folding 
scenarios of chapter 5.
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Scenario 1: Thick sam ple buckling at the loaded end
This is the group of experiments that we expect the theory to match well with 
the experiments. The experiments included in this group are numbers 8 , 10 
and 11. Experiment 11 closely matches with the experiment and the (P, £) plot 
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Figure 6-5: Experiment 11. The theoretical minimum closely matches the ex­
perimental minimum.
Conversely, at the chosen value of k = 7.4 x 10-4 the theory for experiments 8 
and 10 vastly overestimates the experimental minimum load. To address this we 
substitute the lower bound for the foundation stiffness of k =  5 x 10-4 kN/mm2. 
As seen in the discussion of section 6.2.4 it is not surprising that this value pro­
duces better results: the main effect is that the energy stored by the foundation 
decreases. A more subtle effect of the lower stiffness is that the wavelength in­
creases, which increases the amplitude of the fold before a singularity appears 
and allows the load to drop further. The resulting comparison is presented in 
table 6.4.





















L p .1 nun
8 3 2 0 3 2 .0 0 1 9 4 4 .0 0 .5 6 4 0 .6 0 .5 8 - 7 .7 3 .6
10 4 2 0 4 2 .0 0 1 8 4 7 .5 0.68 4 3 .5 0.87 - 8 .4 2 7 .9
Table 6.4: Comparison between theory and experiment when the lower bound is 
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(a) End Shortening (mm) (b) End Shortening (mm)
Figure 6-6: Theory is more closely matched with experiment when a lower bound 
is used for the foundation stiffness, (a) Experiment 8 & (b) Experiment 10.
144
Scenario 2: Thin sam ple buckling at either end
This group contains experim ents 1-5. Experim ents 1-3 significantly underesti­
m ate the load. For these experim ents the theoretical load does not restabilise 
as shown in figure 6-7(a). This is because the am plitude required to reach a 
singularity is larger than  the m aterial can deflect to, whilst m aintaining a sinu­
soidal reference layer (for large values of |(J| (4.27) adm its complex solutions). 
Experim ents 4 & 5 are an improvement, and a minim um  is obtained; however, 
the comparison with the theory is poor (see figure 6-7(b)). Given the poor agree­
m ent and the observation of the loading sequence in chapter 5 it is likely th a t a 












5 10 15 20
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Figure 6-7: Theory does not m atch well with experim ent for thin samples, (a) 
Experim ent 2 (b) Experim ent 5
Scenario 3: Thick sam ple buckling at th e  reactive end
The remaining experim ents, 6, 7 & 9 all buckled at the reactive end. In this 
scenario we expected the theoretical load to underestim ate the experim ental 
load, which is the case in experim ents 6 & 7. To account for the friction between 
the boundary layers and the foundation (see figure 6-8) we m ust add a term  to 
the total energy form ulation
V  = UB +  UF -  P S  +  XU,  +  Pl» i £  (6.12)
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where fii is the effective coefficient of friction between the foundation and the 
layers. The coefficient is effective because the height of the load applicator was 
not always the same as the multilayer thickness and therefore some shearing of 
the foundation might be encountered.
Pi (= aq)
matrixF /  2
F/2
matrix
Figure 6-8 : Friction between the multilayer and the foundation when buckling 
occurs at the reactive end
To make a tentative approximation to the coefficient we consider again exper­
iment 1 and the drop in load that occurs when buckling swaps from the reactive 
to the loaded end. The difference between the local minima before and after 
the buckling changes end is approximately F  = 0.3 kN (see figure 5-5(c)). The 
overburden force is 0.5 kN, which gives an effective coefficient of friction p i =  0.6.
To improve the comparison between the theoretical and experimental wave­
lengths we follow the reasoning of scenario 1 and choose a foundation stiffness 
of k = 5 x 10-4 kN /m m 2. Note that we have assumed that the frictional force 
is only felt once the multilayer is buckled and therefore does not change the 
wavelength (see the observations and discussion in chapter 5).
Adding the frictional force between the foundation and the layers then pro­
duces the results given in table 6.5.
We can see that the agreement between the minimum load values is improved 
for experiments 6 &; 7 when the additional friction is included. It is also appar­
ent that the difficulty in predicting the foundation stiffness still persists in the 
experiments buckling at the reactive end. When the lowest experimentally ob-
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L p .1 mm
6 320 32 .0031 40.0 1.16 40.6 1.19 1.5 3
7 320 32 .0059 46.4 1.44 40.6 1.85 -12.5 28
9 420 42 .0028 45.1 1.13 43.5 1.45 -3.5 28
Table 6.5: Comparison between theory and experiment when additional friction 
between the layers and the foundation is included and the lower bound is used 
for the foundation stiffness (c.f. table 6.3).
served value is used for the stiffness, both the wavelength and the minimum load 
values are improved. Furthermore, by fully reverse engineering the stiffness so 
that the theoretical and experimental wavelengths match, we would expect the 
minimum load values to match more closely. However, the foundation stiffnesses 
would then be lower than those seen experimentally in the compression tests.
For experiment 9, the agreement of the minimum load values is not as good 
when the additional friction is included. However, the agreement is still not 
unreasonable and the percentage error is the same as that for experiment 7. 
Clearly an improvement could be gained by reverse engineering the foundation 
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(a) End Shortening (mm) (b) End Shortening (mm)
Figure 6-9: Experiment 6 . (a) When the multilayer buckles at the reactive end, 
the theoretical load underestimates the experimental load, (b) The situation is 
improved when friction between the multilayer and the foundation is included 
and the foundation stiffness is lowered.
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6.3 Chapter summary
As a final comment, it is worth noting that although we started with 20 experi­
ments, once the experiments where delamination of the multilayer occurred were 
removed, we were left with only 11. By observing the experiments we noticed 
differences that we had not anticipated. These differences made it necessary 
to classify the experiments into three scenarios, which meant having as few as 
three experiments in a group to test our hypotheses. So having set out only 
to validate our model against the experiments, we also learnt a great deal from 
the experiments themselves. We nevertheless found that when the sample is 
sufficiently thick, the parallel folding model agrees well with the experimental 
results. However, the diminished amount of data has meant that the comparison 
with the model should be viewed as a pilot study and as such, any conclusions 
will need to be confirmed with further research, possible directions of which are 





The work presented in this thesis has shown how the level set method can be 
used to describe the geometry of multilayer folding in rocks and in paper. The 
literature review argued that simple elastic models have a role to play in mod­
elling multilayer folding, although previous elastic models had not accurately 
described the geometry of the whole of the multilayer. To describe the geom­
etry of layers that are in contact along their length, we pick a reference layer 
and propagate it in its normal direction. Unlike earlier models (for example 
Edmunds et al. (2006)) this describes the geometry of subsequent layers without 
approximation.
Eulerian methods are able to describe both smooth and kinked layers and 
of these methods the level set method is accurate and easy to implement. In 
section 3.2 the method is applied with a constant velocity to photographs of 
different multilayer folds and the geometry of parallel folds matches closely with 
the outcome of the method. In contrast, the geometry of chevron folds require 
a different weak solution to describe the propagation of a salient corner.
The model is then developed and compared to a set of experiments on paper 
and the key findings are as follows:
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• Singularity formation in parallel folding is purely due to the geometry of 
the layers as they pack together.
• A reference curve propagated in its normal direction will conserve its arc 
length; provided (a) that the curve remains sufficiently smooth and (b) the 
angle of the end points with the horizontal is the same at both ends. This 
does however imply slip between layers.
• By considering the Lagrangian representation we have characterized the 
curvature and therefore the bending energy as it approaches a singularity.
• A mechanical model has been formulated in terms of the level set descrip­
tion of the geometry.
• To validate the method we performed a set of experiments to produce par­
allel folds in layers of paper. The observations of these experiments show 
the importance of friction and its role in determining the post-buckling 
behaviour; for the range of parameters considered, if buckling initiated at 
the loaded end the fold remained localized and did not propagate along 
the multilayer; conversely if it initiated at the reactive end, serial folding 
propagates back through the multilayer. If tectonic loading is applied in a 
similar manner to the way it is applied in the paper experiments (to one 
end of the rocks) this information could aid geologists in understanding 
serial folding (Vita-Finzi, 2005). These observations led to a classification 
of three different folding scenarios (section 5.2).
• For thick samples of paper buckling at the loaded end there was good agree­
ment between theory and experiment. In particular, the nonlinear bending 
energy seemed to account for the restabilising of the load, determining the 
minimum value.
These findings have shown the value of using modern mathematical techniques 
to describe multilayer problems. The application of the level set method has 
yielded a greater understanding of the impact that singularities have in rock 
folding. It has also meant that fewer approximations are required to describe 
the geometry of the multilayer than previous methods. However, there is still
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a need for further experimental work and although we have demonstrated that 
there is much to be gained from simple experiments conducted on layers of 
paper it would be advantageous to consider materials more closely resembling 
rock. Whilst providing some answers to multilayer folding problems this work 
has unearthed new questions and further avenues of research for the future.
7.2 Further work
The level set approach has enabled us to describe the role that the bending energy 
has in restabilising a parallel fold. It would be simple to build more efficient 
methods to do this by employing fast marching and narrow band schemes as 
outlined by Sethi an (1999). This would speed up the computation time of the 
method so that grids with more points could be considered.
A big advantage of the level set method is its ability to propagate non-smooth 
solutions. Therefore this method has the potential to describe both parallel 
folding and kink banding in a single formulation. Modelling the geometry of 
kink banding with the level set method would not give us any more insight into 
this phenomenon as the assumption is that all layers are the same. Instead, a 
level set based model of kink banding could enable us to investigate the transition 
between parallel folding and kink banding.
In order to investigate the transition between parallel folding and kink band­
ing with the level set method, there are a number of problems that must be 
addressed. The first is that as we have already stated, the level set method does 
not give directly the weak solution that describes kink banding. An approach 
to model this situation could be to apply the faceted crystal growth ideas to 
kink banding (Russo and Smereka, 2000). The second, is that at present the 
method inputs a reference curve that must be known before the other layer ge­
ometries are found. Therefore another procedure must be used to first find the 
shape of the reference layer, based on the loads and the material properties. The 
weak solution used to propagate this layer would then somehow be linked to the 
geometry of the layer.
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Further complications that could be considered in the future include the par­
asitic folding that we saw in chapter 3, the formation of voids and the possibility 
of faulting.
The simple experiments on layers of paper have helped us to understand the 
mechanisms of multilayer folding. Our observations of the experiments, and the 
process of comparing them with theory have led to questions to which we have 
provided explanations. To test these ideas it would be interesting to conduct 
another set of experiments, where the following alterations could be investigated:
• To minimise the effect that the friction has on the axial load and to amplify 
the bending energy there are a number of options available to us. Firstly, 
we could lubricate the layers with graphite to decrease the friction between 
them (although it might be rather time consuming). Secondly, to increase 
the bending energy, thicker sheets of paper (or card) could be used.
• The slow rate of loading together with vibrations caused by the motorised 
loading mechanism, apparently leads to shakedown such that the direc­
tional effect of the friction is lost. Evidence for this is found in the fact 
that the initial buckle formed with equal likelihood at the loaded or reac­
tive end. It is also suggested that this would have no time to operate over 
the rapid loading process. Varying the loading rates could give new infor­
mation about the presence or otherwise of this shakedown phenomenon.
• In order to test the theory that the load is lower at the reactive end than 
the loaded end it would be interesting to replace the fixed plate with a load 
cell. However, the load cell would require a little axial movement, which 
could impact on shakedown.
• To test if there is an intermediate state between parallel folding and kink 
banding a greater range of lateral loads could be used. However, with the 
current rig this is limited by the fact that the greater the lateral load is the 
greater the lateral displacement is, which can position the multilayer below 
the load applicator and leads to internal buckling. This can be overcome 
in part by adding metal plates of differing thickness below the multilayer,
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